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1 August 31: Introductions

Hye-Won Kang is the professor for the course, MATH 225. She will post content
on the BlackBoard page. Her email is hwkang@umbc.edul Her notifications will
be posted on BlackBoard.

The textbook used in the course is: An Introduction to Differential Equations
and Their Applications by Stanley J. Farlow. It is recommended that we buy
the paper copy version. Errors in the online copy of the book can be found herel

The syllabus will be posted before the weekend. We will have mostly lectures
in the same format as today. We will have two exams: midterm and final. There
exists 6 chapters, 1 through 6. Weekly quizzes and activities, and reading
problems are part of the grading. The lowest 2 grades will be dropped from
these; these contribute to 30% of our grade. The midterm contributes to 30%.
The finals are 40%. Although we will have homework, it will neither be graded
nor collected. We are permitted to come to office hours and ask how to obtain
the solutions. The weekly activities may be in group or individual, multiple


mailto:hwkang@umbc.edu
http://userpages.umbc.edu/~rostamia/farlow-errata.html

choice, etc. Exams will have multiple choice questions, long answer questions,
etc.

We will need scientific calculators. The professor factors in weekly activities
for the final letter grade. The quizzes will be taken during lecture. Since she
taught the class in 2013 (or three years ago, misheard), she will provide sample
practice equations.

List of Questions to Ask

1. Are we to bring the book to our classes?

2. Are computers allowed during lectures?

1.1 Differential Equations: What Are They?

commonly involve time, and other independent variables that are continu-
ous: amount of resources, stock prices, etc. [DE|dependent on multiple variables
are multivariable, and are a different consideration.

The instantaneous rate of change can be written as the derivative:
d 100
@ _ (1.1.1)
dt Y

This has the solution:

y(t) = V200t (1.1.2)
The astronomer Galileo Galilei found that, regardless of mass of objects,
falling objects have the same acceleration (excluding friction). This would,
therefore have the equation:
dv(t) dv d*s
=qg=2(t) = :7://15:7 1.1.3
alt) =g ='(t) = 5 = S = () = (113)
All the above are the same, simply different representations. Solving for that
equation would yield the position function for a falling object:

s(t) = %gt2—|—C’ (1.1.4)

1.2 Notations and Definitions

In one (or multiple, if multivariable), is the independent variable, such as
time. One variable is the dependent variable, such as y. This can be written as
is or as a function of x: y(z). The derivatives, therefore, are written as

;LZ _y (1.2.1)
% —y (1.2.2)
D= (1.2.3)
% _ (1.2.4)



The general solution to [DE|is given by
F(xay’y/7y”7"' ,y(n)) =0 (125)

[DE] can be linear or non-linear. The nth order linear differential equation
can be written as:

ao(@)y™ +ar(2)y" TV 4+ ana @)y + an(@)y = f(x) (1.2.6)

In essence, it is a series of differentials multiplied with a constant (which can
be a variable). If f(x) = 0, the equation is said to be homogenous, otherwise it
is non-homogenous. The ‘order’ of a differential equation is determined by the
highest derivative order.

The following equation:

x2~@+y2+2y—3=0 (1.2.7)
dx
is 1st-order, however, is non-linear due to the 32 term. This is because, according
to equation the “constants” should be in respect to x, and there is only
one y term.

Additionally, the problem is non-homogenous due to the constant
present ‘—3’. Note that moving the constant to the right yields f(z) = 3 # 0.
Additionally, note that the y term is actually dependent on z: y = y(x).

1.3 Problems

d2
d—gcy2+x4y=siny+5 (1.3.1)
d2
d—xy2+x4y:smz+5 (1.3.2)

Both equations are 2nd-order. However, note that the term siny is not
among the variables for equation [1.3.1] present in definition therefore it is
non-linear. In contrast, the second equation is linear, because the left-hand-side
is equal to some function of x: f(x).

Homogenuity refers to whether f(x) = 0.

Linearity refers to equation definition [T.2.6]

Additionally, even if y = z, equation will still be non-linear, because
by definition, we said ‘f(z, )’

Problem: Constructing a first-order linear homogenous differential equa-
tion.

My Solution:

ad+b0=03abeR (1.3.3)



Three Important Definitions

m F(xay,y/)y”a"' ’y(n)) =0 (134)
Linear:  ao(z)y™ + -+ + an_1(2)y + an(x)y = f(z) (1.3.5)
Homogenuous: f(x)=0 (1.3.6)

2 September 7: Solutions to Differential Equa-
tions

A list of suggested problems will be provided online. The quizzes will begin
after September 14, 2022. We are required to use a scientific calculator during
exams. In the previous class, we went over [DE] linear, homogenous, 2nd order,
homogenous, etc. equations.

Variables can be different in equations:

@ =t%
dt?
The independent variable here is ¢, and v is the dependent.
Important Note to Professor: The link in the syllabus for errors has
a different tilde character; it possesses the unicode U+223C, whereas we need

U+007E.
The equation above is homogenous because we can rewrite the equation as:

v—t2v=0

which matches equation definition If an equation is a linear differen-
tial equation, we can classify homogenuity. However, homogenuity cannot be
classified for nonlinear equations.

Example: Finding Solutions of Differential Equations

Given § = g, find s. Using integration, we find that:

§=g
§ = gt + Cl
1
5= 59752 + Cit + Oy (2.0.1)

We can verify by computing derivatives of s.
For a circle centered at the origin, the equation can be:

@733

der vy



However, this is non-linear according to equation Question: Will

oyt =4 (2.0.2)

satisfy the previous non-linear equation? Solution:

22 + 25 = 0 (2.0.3)
T
y=—— (2.04)
Y
Step 2.0.3 was obtained by taking the implicit derivative of 2.0.2. Rearrang-
ing the answer shows that indeed that that is a solution.
We can further verify:

y=+v4—a? (2.0.5)

1
- . %
Y 2v/4 — a2
X
S (2.0.7)
)

Since this solution matches [2.0.4, However, note that when the solution was
obtained implicitly, y could be both positive and negative. In contrast, for the
explicit solution, y > 0. They are not an exact match, but we will not focus on
that too much. We could make it a match by saying that:

@:i\/él—xg —= y>0 (2.0.8)
dr dx

2.1 Initial Value Problem

Referring back to [2.0.1, we can set the initial conditions s = 5,¢ = 0 and
$ =0,t =0, or any other initial conditions.
When solving any nth order [DE| we need n initial conditions:

y'(0) = u

y(n—l) (0) = Yn—-1

For the quiz next week, we may have multiple choice, short answers, and
long answers. It will be about 15 minutes. We are highly encouraged to read
Picard’s Theorem, which is Theorem 1.1 in the book. The Theorem discusses:



1. The existence of solution

2. The uniqueness of solution

2.2 Solving First-Order Linear Differential Equations
dy _
dx

The above equation matches all the definitions 1.3.4 to 1.3.6. In particular,
first-order linear [DE]l have the format:

y=0 (2.2.1)

y+p(x) y=f(z) (2.2.2)

Note that y does not have the constant because the constant has been mul-
tiplied with the entire equation. It is homogenous if f(x) = 0.

2.2.1 Integrating Factor Method

y+3y=e*|y0)=5 (2.2.3)
Integrating factor: = e3® (2.2.4)
= 3 (y+ 3y) = €” (2.2.5)
d d
Since . (e - y) = %(63'”) Y+ e %(y) (2.2.6)
d

= (e - y) =e” (2.2.7)
3y = /ez dz (2.2.8)
=e"4+C (2.2.9)
Ly=e 4O (2.2.10)

Step 2.2.6 is used to rewrite the step prior.

For next class, try:

g+ 3y=sinz | y(0) =1 (2.2.11)

3 September 12: Solutions to Differential Equa-
tions
Last time, we talked about the integrating factor method, where we multiply

an entire equation with some e®”. This is done so that we can use derivative to
obtain solution:



d

4 evy) = e f() (3.0)
ey = /e”f(x) dx +C (3.0.2)
y=e % / e f(x) dx + Ce™* (3.0.3)

We will have a quiz on Wednesday. We will cover the material that we
went over previously, up to integrating factor method.

3.1 Integrating Factor Method

In general, we use the multiplier p(z) : e/ #(#) dz.

-+ nule)y = f()
el 0t pla)y) = (e 1)
o ) = T

% (ef (=) dmy) _ o nl)ds g

The above derivation can also be found in the book. As an example problem:



§+3y=sinz | y(0)=1 (3.1.1)

p(x) = 3
d 3z 3T o
T (e*"y) = e**sinx (3.1.3)
ety = /egm sinzdxr 4 C (3.1.4)
/63z sinx dr = uv — /uv’ Integration by Parts (3.1.5)
1637” sinx / 163“” cos x dz (3.1.6)
== inz— [ = 1
3 3
1 3z o1 1 3z
=—ePsinz — = [ e cosxdx (3.1.7)
3 3
1 11 1
= 5639” sinx — 3 [3631 cosx — 5/8305(— sin x) dw} (3.1.8)
= le?“ sinx — 163‘76 cosT — 1/6330 sinx dx (3.1.9)
-3 9 9 o
10 1 1
N / 3 sinx do = 563“’ sinx — §e3z cos T (3.1.10)
/e?"” sinz dx = 3631' sinx — ie?’” cos x (3.1.11)
10 10 o
= 3y = i63"” sinz — ie?’m cosz + C (3.1.12)
10 10 o
3 : 1 —3x
y—ﬁsmm—l—ocosx—i—C’e (3.1.13)
3 1 o
y(0) = EsmO— I—OCOSO—i—Ce (3.1.14)
11
= C=1; (3.1.15)
Now, what is the integrating factor, and p(z) for the following?
g+2zy=x|y(l)=1 (3.1.16)

The integrating factor, according to me, should be:

p(x) =20 = el r@de — e

If there is any coefficient in front of the ¢ term, we can divide the whole
equation with that coefficient. We can verify that our solution is correct by
plugging it back into the problem statement.

Try at home: Using the integrating factor method, solve the following:

g+2zy =2 y(l) =1 (3.1.17)



3.2 Separation of Variables

First, using the integrating factor method, the solution for the following:

§—2y=0
(G —2) =0
d —2x
e =0
()
ey =0+C
y = Ce**

The above solution is actually the same equation as linear growth. In sepa-
ration of variables:

L

i (3.2.1)
% dy =2dx (3.2.2)
1
/gdy = /2dx +C (3.2.3)
Inly[=2z+C (3.2.4)
ly| = 25+ (3.2.5)
y = L2 tC (3.2.6)
In general, for:

dy _ f@)
dr 9(y) (3.2.7)
9(y)dy = f(z)dx (3.2.8)
/g(y) dy = /f(x) dz 4+ C (3.2.9)

We should think about the following examples at home, and whether they
can be solved via integrating factor method and separation of variables.

dy 2

= 3.2.10
s =Y ( )
d
d—z =yt (3.2.11)

10



4 September 14: Picard’s Theorem and Growth-
Decay

Picard’s Theorem
d
If d—i = f(x,y), and (4.0.1)
f(z,y) is continuous, and (4.0.2)
e is continuous, (4.0.3)
3 a unique solution over the domain D (4.0.4)
Growth equation is given by:
dy
=ky|k>0 4.0.5
Iy = Ry Lk > (4.0.5)

The k indicates the growth rate. k = 2 for example, could indicate population
doubling. This is applicable to compound interests too. Solution to the equation
4.0.5 is known as the growth curve:

y = CeM” (4.0.6)

Whether an equation is a solution to a DE can be determined by computing
the derivative of the ‘solution’ (1), and inserting the solution into the DE (2);
if (1) and (2) matches, then the ‘solution’ is indeed the solution.

Similarly, the decay equation is given by

dy
—=—ky| k>0 4.0.7
Y — k| (£0.7)
and the solution is given by
y=Ce " (4.0.8)

Example Problems

Solving a growth equation using integrating factor method:

y =10y
d —10x
eflozy =C
Y= CelOac

11



Solving a growth equation using separation of variables:

dy
= =10
dx 4

1
T — 1
/ 10ydy / dx

1
| —
10 nlyl=x+C

|y‘ _ ele+C

y = +Ce'0"
Half-lives can be computed using decay curves. For example, for Cesium-

137 with half life of 30 years. If x is the amount of time in years, and y is the
amount, then y = %yo, x = 30. To find k:

y(30) = Ce 30k

_¢
T2
1
—30k
= = —
€ 2
—30k =1n0.5
In0.5
k =
—-30
~ 0.0231

To find when the sample will be 1% of original value:

C —kx
100 = Ce (we know k)
In0.01 = —kx
In0.01
~ T Inos
—30
~ 199 yrs

Compound interest of r = 3% per annum, with initial amount of $1000, can
be used in DE . After 10 years, the amount will be:

S(t) = So(L+ =)™

where n is after how many years the interest is applied. Note that:

n
lim (1 + A) A_ e (4.0.9)
n—o0 n
This can be translated to equation
S(t) = Spe™ (4.0.10)

12



We will have $5000 when time is:
$5000 = $1000¢%-0%t

5 — (0-05¢
0.05¢ =1Inb
4 Inb
~0.05
= 33 yrs

Annuity is regular deposits. When using annuity, the equation changes.

5 September 28: Growth-Decay, Numerical Ap-
proximation, and Second-Order Differential
Equations

Equation for heating and cooling is given by

dT
= kT - M) [ k>0 (5.0.1)

where T is temperature of object and M is temperature of surrounding. Equa-
tion for mixing given by

% =in —out (5.0.2)
Euler’s Method is given by the equation
Ynt1 =Yn + h- f'(2n) (5.0.3)

where h is the step size.

Discretization error (truncation error) decreases as step size decreases, since
prediction is more accurate. Round off error increases as step size decreases,
since more error adds up. The total error is the summation of these two errors.
The optimum step size is s.t. the total error is minimized. The maximum error
possible is given by ,

%y‘n = O(h?) (5.0.4)
This comes from the Taylor Series Expansion formula.

In first-order linear equations, we used equation it was solvable using
integrating factor method and separation of variables. This was applicable in
growth/decay equations, interests, half life, heating/cooling, mixing, etc.

Second order linear equations are given in the general form

ao(x) i+ ar(2) - § + az(x) -y = g(x) | ao(x) £ 0 (5.0.5)
can be re-written as

i+ p(@)y+q(@)y = fz) (5.0.6)
Picard’s Theorem does not work in this case. Integrating factor method does
not work either.

13



6 October Online: General Solutions of Ho-
mogenous 2nd-Order DE

Lectures were recorded and posted online.

When variables in front of ys is constant, the linear differential equation such
as[5.0.5]is said to have constant coefficients. Otherwise, if it has e.g. x, then it
is said to have variable coefficients.

When is homogenous, then we can assume that y; and y» are solutions
of the equation, as well as c1y; and coys.

If we are given an initial condition for ¢, we still require y(0) and y(0) since
integrating 4 yields unknown constants.

Example 6.1. Solving:

X
éy:?wLercl
=TT ey
y—6 5 1T C2

1'2

3 2

X X

0:} = — _—
y(0) y=gt5 e

Picard’s Theorem worked for first-order DE , in[4} Something else exists for
second-order.

Existence and Uniqueness of Solution for 2nd-Order DE

For the second order equation with
[?{(330) = yo}
Y(zo) =y

If the coefficients p(z), g(x), and f(x) are continuous for an interval
z € (a,b), and xo € (a,b), then 3 a unique solution satisfying the initial
condition on z € (a,b).

Example 6.2. For an equation

1
iy L g
Y+ T 13/
our p(z) =0, q(z) = L5, and f(x) = 3. Additionally, if y(0) = 0 and §(0) = 1:
on the interval x € (—1,1), 3 a unique solution on the interval, according to

definition [0

14



Next, we will show that all solutions of homogenous [5.0.6| can be written as
the linear combination of two linearly independent solutions 6.0.1, where cs are
constants:

Y = c1y1 + Coyo (6.0.1)

This comes from linear algebra, where vectors v; and vo are linearly independent
if
Jkivr + kovo =02 k1 #£0, ko #0 (6.0.2)

As an example, sin z and cos x are linearly independent. In contrast, since sin 2x
and sin z cos x are the same, they are linearly dependent. x and 5x2 are linearly
independent, while x and 5x are linearly dependent.

To determine if a function is linearly independent, we can conduct the Wron-
skian test:

Wronskian Test for Linear Independence

For a homogenous 2nd-order DE
j+p)y+q(z)y =0

where p(x) and ¢(z) are continuous on = € (a,b), then the following
statements are equivalent:

1. y1 and yy are linearly independent solutions on = € (a, b)

2. Wy, y2|(z) #0V € (a,b)
3. Wlyr,yz2](x) # 0 for at least one x € (a,b)

where

W[ylva] = ’yl QQ‘ = ylyg — ygyl (603)
Y1 Y2

Example 6.3. Ifsin2x and cos2x are solutions of
J+4y =0z € (—o0,00)
then substituting with[6.0.1, we obtain
—4sin2x +4sin2x =0
and

. in 2 2
W (sin 2z, cos 2z) = QSégs QI;U —CQOSSin:gx =—-2#0Vx € (—o00,0)

Therefore, by definition [6, sin2z and cos 2z are linearly independent solutions
for the above differential equation Vx € (—00,00).

15



If equation for 2nd-order DE is non-homogenous, then the y; and y» may
not be linearly independent solutions of the equation.

All these steps were done in order to find all solutions for homogenous 2nd-
order DE solutions:

Solution for Homogenous Differential Equation
Let y; and yo be two linearly independent solutions of
§+p(@)y+q(x)y =0V € (a,b)
Then any solution Y can be expressed as
Y (z) = ciya (z) + coya2(x) Vo € (a,b)

where ¢y and ¢y are uniquely decided.

Proof:
c1y1(xo) + coy2(x0) = Y (o) (6.0.4)
191 (o) + e292(w0) = Y (20) (6.0.5)
and then using elimination of both equations (like simultaneous equation):
c1(y1(w0) - G2 (wo) — 1(x0) - ya(wo)) = Y (w0) - Ga(wo) — ¥ (20) - y2(wo) (6.0.6)
c1 is decided uniquely if:
y1(zo) - P2(z0) — Y1(20) - y2(w0) # 0

but noticed that that is equivalent to the Wronskian Wyy, ya](xo) # 0, and
that is true because y; and y- are linearly independent. Similarly, co is decided
uniquely.

Fundamental and General Solutions
2 linearly independent solutions y; and ys of
j+p@)y+aq(x)y=0

y1 and ys are a fundamental set of solutions. Meanwhile, ciy; +
coy2 ¥V c1, co are the general solutions.

Questions to Ask

1. In definition [6} is 3 actually equivalent to 17
2. Is it W[ or W()?

16



3. In 47:08 of Monday’s video, you stated that the Wronskian test (to be
precise, y; and ys being linearly independent solutions) may not work,
but wrote on the slides that it does not work. Which one is it?

7 October 10: Midterm Review

We will have an exam on this Wednesday. The entire class period would be
reserved. For practice, it is best to review:

1. Quizzes

2. Lecture notes

3. HW problems

The exam will have 10 to 15 problems. Multiple choice requires no work.
Important things to note are:

1. Differential equation format.
F(J?, Y, y/a y//7 e ,y(n)) =0

2. Dependent and independent variables.
3. Order of differential equations, which involves questions about linearity,
and if linear, homogenuity.

(a) If 1st order, need to know integrating factor method and separation
of variables method. Particularly if p(x) is any of the following: ",
e xe® . or sinx

(b) If 2nd order, its form.

4. Creating our own linear DE of any order.

5. Verifying solutions of DE with given conditions. In this case, make sure
to compute both the left side and the right side in the same manner.

6. Explicit versus implicit solutions.

7. Initial value problems. For Ist-order, only y(zp) is needed, while 2nd-
order needs both y(z¢) = yo and y(xog) = y1. Note that both need to be
at xg.

8. Picard’s Theorem: Existence & Uniqueness of Solution.

9. Solving first-order linear DE .
10. Using integrating factor method. Note cases where it may not work.
11. Using separation of variables method.

12. When each method works or does not.Note that separation of variables
method can work even if the equation is non-linear.

13. Growth and decay equations.

17



14.

15.
16.
17.

18.

19.

20.

21.
22.
23.

24.
25.
26.

27.
28.
29.
30.
31.

Solving half life questions. We can go straight from % = —ky to y(zg) =
yoe k.
Continuous compound interest, %% = r - S, and S(t) = Spe™.

Compound interest with annuity % =rS+ A

Mixture phenomenon, where Q(t) is the amount. Three cases are:

(a) Flow rate in and out are the same.

(b) Rate in less than rate out.

(¢) Rate in greater than rate out.
Setting the equations up for mixtures (previous). In the latter two, the
volume is not constant. Therefore, the concentration for the out will be
L.. In the second case, the time has to be constrained since at one
Vo +Vt
point, no volume would be left.

Cooling and heating phenomenon:

dT

—=—k(T-M k>0

p ( ) > k>
Heating if T < M, and cooling if T' > M.

Newton’s second law for falling objects.

d
m-d—: =mg — kv (7.0.1)

where k is some resistance.
Directional fields, using the slope.
Using Euler’s method: yp11 = yn + h - f(Tn, yn)

Errors. Discretization error decreases as step size decreases, but round off
error increases.

Second order DE .
Integrating factor method does not work for 2nd order DE .

Principle of superposition: if y; and yo are solutions of a 2nd order DE |
then the linear combinations of y; and yo are also solutions of the equa-
tions. This only works for homogenous DE .

Initial value problems for 2nd-order DE .
Existence and uniqueness of solution, refer to [6}
Determining linear independence of functions.
Computing the Wronskian.

Using the Wronskian for linear independence.

18



8 October 17: Reduction of Order and Constant
Coefficients

We will learn how to solve equations of the form [5.0.6] For the homogenous
2nd-order equation,

J+px)y+qlx)y=0 (8.0.1)
if we know one solution y; (z) we can write y2(z) = vy1(z) and find v(x). yo is
another solution to the equation, that is linearly independent.

Example 8.1. Given that the solution of § +y — 2y = 0 is y1(x) = €%, find
another linearly independent solution ya(z). Solution:

x

ya(z) = v(x)e

L &? @ d . @
— ot = 2 = A (V(2)e”) + = (v{)e”) — 2v(@)e?)
= di(z/e”” +ve”) + (V' +ve®) — 2ve”
T

=1V"e" +Ve" + Ve +ve” + Ve +ve” — 2ve”
= e (V" +3V') reduction of order
w(z) = V()

= V' + 3V =u'(z) + 3w(x)

dw
e —3w
1
—dw = —-3dx
w
Inw=-3z+C
= w(zx) = Ce™*
sov(z) = /C’eigz dz
= 016—3:5 + Oy

Reduction of Order Method
If a non-zero solution of y;(x) is known for
§+p(x)y+q@)y =0

is known, then a second linearly independent solution ys(x) can be de-
termined by substituting yo(z) = v(x)y1 (z), where

e—fp(s)ds
v(z) = /y%(r)dr (8.0.2)
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If we do not have any solution for a given solution, we can assume that
y(x) = e™®. Using this method, we would get for § + ¢y — 2y = 0:
d2 mx d mx mx
@(e )+£(e ) —2(e™*) =0
= eM* (m2+m—2) =0
(m—1)(m+2)=0

=>m=1
orm = —2
yi(z) =e”

Exercise assigned to us:
Example 8.2. Find a general solution for 49 + 1y — by = 0:
4(e™) 4+ (™) —5(e™") =0
= 4m2e® + me® — 5e™* = ()
e (4m2+m—5) =0
—1+V12-4-4.--5
m=

2.4
—149 -1-9
-8 78
:17—§

4

Hence, our general solution is:

y(z) = c1e” + coe0%/4

According to the above example(s):

Homogenous Equations with Constant Coefficients
For a 2nd-order homogenous [DE| with constant coefficients:
aj+by+cy=0
can be re-written as

am?® +bm+c=0 > y(z) = e™* where if
D>0dm>m=ry, r
D=0,dm=r
D<0,dm=p+q
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Although integrates in terms of s and r, it is to distinguish that that
y and the e component are to be integrated separately, and then integrated
together. They both, for the final integration, should hae the same variable.

Example 8.3. Verifying that y(z) = c1e>* +coxe®® is a solution of jj—4y+4y =

0: Plugging in y1 and ys individually to the equation, we get
Y 4e** — 8e* 4+ 4e** =0
Y2 (2627 + 2" + 4xe®®) — 4(e** + 22e*”) + dxe®” =0
Therefore, y1 and yo are solutions to the equation. Additionally,

627; .’)3621"

W(ylayQ) = 26236 eQac + 2x62x
_ 621(621 =+ 21’621) o xe2:v . 2629:
= e 4 2ze?® — 2zl

=e! £V eR

Therefore, 31 = €** and yo = xe** are linearly independent solutions of y(x),
according to theorem [0

9 October 19: Non-homogenous Equations

The midterm results were returned; the author is pleased. Question 6 had
the most amount of errors. A was obviously true. C and D implied each other,
therefore unique solution would not exist; hence B would be false. Most students
did good in the midterm.

Previously we looked at homogenous equations with constant coefficients.
When we have m to be a complex number (real part and complex part), we can
write y(z) = c1€™* 4+ c2e™sinz 3 m € R for complex numbers:

y(x) = 1™ cos(mex) + coe™ R sin(mex) |mr +mei=m e C  (9.0.1)
This is given by the Euler’s formula for complex numbers:
e =cosx +isinx (9.0.2)
What if the equation is non-homogenous? As an example:

Example 9.1. Will y, = 2 be a solution of ij —y = —a> + 6x? Using @

J—y=-y+y
— y—y=0
=m?—-1=0

m = =+1

x

= yp(x) = cre” + coe™
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We can prove:

Y'(z) =Y (z) =

Superposition Principle for Non-Homogenous Equations

Given an input-output system

i+ p(x)y + q(x)y = f(z) (9.0.3)

where f(x) is the input and y(z) is the output, we can say that it has
the properties:

1. Scalar Property If y;(x) is a solution of 9.0.3, and we use the
input k- f(x), then the output will be & - y1(x); that is, k- y1 () is

a solution of
j+p(@)y+al@)y =k f(z) (9.0.4)

2. Additive Property If y;(z) is a solution of the input f;(z), and
y2(z) is a solution of the input fo(x), then an input of fi(x)+ fao(x)
will yield a solution of y1 () + y2(z).

J

Example 9.2. Given jj+y = 2% + 2z with y1(z) = 323, and jj+ 7 = 6e** with
yo(z) = 2%, then what is the solution of the following?

j+y=—e*+22% +4x

The solution can be obtained by using both the scalar and additive properties

from[9
fi(z) = 2% 4+ 22

falw) = 6
. . 1
J+y=Fkifi(x)+kafo(r) k1 =2, ky = 6
2 1
= kw1 +koyo = gﬂvg - éeh

10 October 24: More Non-homogenous Equa-
tion

We will have a quiz this Wednesday. Our midterm average was 20.6 out of 25.
The final exam will be 2 hours on BlackBoard using Respondus.
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In the previous week, we learned sections 3.3 to 3.6: reduction of order and
homogenous equation solutions.
If we know any two solution y; and yo, then

Y = C1Y1 + C2Y2

if they are linearly independent. The above equation can be used to illustrate
the original differential equation. If y; is known, then by the reduction of order
method B.0.2] we can find

y2(z) = v(z) - y1 ()

If the both solutions are unknown, then we can use [8| If the determinant is
negative, then we can use Euler’s formula to convert to real numbers as shown
in [0.0.1]

For non-homogenous equations, we can use the input-output systems where
we can use the additive and scalar properties as shown in the principles of
superposition for non-homogenous equations [0}

Example 10.1. Given the equations
j+y=17e" = fi(z)
j+y=a°+ 06z = fa(x)

have the solutions yi(z) = e*® and yo(x) = 23, then:

§+y=kiyi(z) + k2y2(2)
= 17¢* + 52°

Today’s lecture will be about non-homogenous equations. Similar to the
existence and uniqueness of homogenous equations, shown in [6}

' D

Solution of Non-Homogenous Equations
If y,(z) is a particular solution of
§+p@)y+q(x)y = f(2)
and yp(x) is a general solution of
§j+p()y+q(z)y =0
then any solution of Y (z) of can be expressed as
Y(z) = yn(@) + yp(2) = (1y1(2) + caya(2)) + yp(2)

where y; and ys are linearly independent solutions of

23



Note that the above does not guarantee uniqueness of solutions, thought it
guarantees the existence of a solution. If Y is given, though, then it can be
unique.

x

Example 10.2. Given {j — 2y — 8y = 9z - e” and that a solution y,(z) = —x-e
exists, then:

y(z) = yn(x) + yp(z)
yn(x) 23 — 29 — 8y =0
m =4, -2
= yn(x) = cre” % 4 cpe”
= y(z) =c1e7 % 4 e — ze®

Notice that, in the above case, there are infinitely many arbitrary solutions
due to the combinations of ¢; and co. However, if we placed an initial condition:

Example 10.3. Going from the previous example, considering y(0) = 1 and
9(0) = 0, then:

y(x)=0:c1 + o =0
g(x) =0: — 21672 + dege?™ — e — ze” =0
—2¢1 +4cy — 1 =0

yields ¢y and co are both %
If we are given a non-homogenous equation with f(z) as a constant, then we
can find y,(x) to be:
yp(x) = f(x) (10.0.1)

if no other coefficients are present.

11 October 26: Method of Undetermined Pa-
rameters

This is section 3.7, which solves a particular solution of y,(z) via the method of
undetermined coefficient (there is another part called the method of variation
of parameters). A non-homogenous equation has a homogenous part and
a function f(z). We can add any yp(x) with y,(z) to obtain the solution y(z)
because:

y=uyn+y,  (11.0.1)

i+ p(@)y+q(z)y =0 (11.0.2)

= (yn +p)" + p(@)(yn +p) +a(@)(yn +1p) =0 (11.0.3)

= (ijn + p(@)gn + a(@)yn) + (Fp + p(2)Gp + a(x)y,) = 0 (11.0.4)
=0+ f(x) =0 (11.0.5)
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This method works for all coefficients that are, or are the combinations of:

", e, sinax, cosar (11.0.6)

The y,(z) candidates for a given f(x) is given in table|l] Once we identify
the equivalent, we have to:

1. Replace the homogenous side of the equation (left side) with the y,(x)
candidate (this includes derivative computation).

2. Solve the left side so that it matches the right side (non-homogenous side).

Note that the capital constants are the constants that we are trying to deter-
mine, while the small letters are what we are given. Additionally, the S in z°
is the number of common solutions between the f(z) (y,(z)) and y,(z).

f(@) | yp(x) candidate
a | - A (constant)
apr™ + a4+ ay, | 25 (Aga™ + Ayl 4 Ay)
ae®® xS . Aeo®
acoskz +bsinkz | °- Acoskx + Bsinkx

Table 1: Method of Undetermined Parameters y,, Candidates

Example 11.1. Determine the y,(z) for § — 2y — 3y = 4e™". Step 1 is to find
the yp(x) candidate:

yp = x° - Ae™®
where S =1 because the homogenous part shares the component e™%:
yn(r) = cre™" + cpe®®

Notice that e=* in y,(x) appears once in yp(z), therefore S = 1. If, instead,
f(x) = 4e=%+5e3%, then we have to use the principle of super position to break f
down into f1 and fo. Meanwhile, the solution to the original problem statement
18:

Jj—2y—3y=4e“
yp =x - Ae™ "
U = A(—z + 1)e™ ™ product rule
jn=A-1-e "+ (—z+1)(—e")] product rule
=A(x —2)e™"
When we plug this into the left-hand side of the equation, we obtain:
Alx —2)e™ = 2A(—z + 1)e™* —3Aze ™" =4e™"
= Ae P [(x—2)—2(—x+1)—3z] =4e™"
= —4Ae™ " =4e "

LA=[-1]
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Another example:

Example 11.2. We are given §j + 2y +y = 4e™ %, so first find the solutions of
the homogenous part:

J+20+y=4e™"
m?+2m+1=0
=>m=-1
yn(x) = c1e”® + coxe™™
Using that, our candidate becomes
yple) = 22 - A
Solving, we will get A =2
An example with trigonometric functions:
Example 11.3.
i+ 9y = 3sinbz
m?+1=0
m = %1
yn(x) = ¢ cosx + e sinx
~ yp(x) = Acos bz + Bsin bz
Up = —dAsinbx + 5B cos 5z
ip = —25A cos bz — 25B sin bz
Which yields
(—25A cos 5z — 25Bsin 5z) + (—5A sin 5z + 5B cos 5z) = 3sin bz
= (—=25B — 5A)sin b5z 4+ (—25A + 5B) cos 5 = 3sin bz

We now have to solve the simultaneous equation:

—254+5B=0
—25B—5A4=3
= —25A + 25A + 5B + 125B = —15
__ 15
130
_|_3
| 26
3
254=5-——
26
3
5A = ——
26
A3
5-26
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12 October 31: Method of Variations

The general form of non-homogenous solution, for us, will come as:

Yn(z) = cre™" + coe™” (12.0.1)
or =c1e" 4 coxe™ (12.0.2)
or = c1eP? cos qx + coeP” cos qx (12.0.3)

The method of undetermined coeflicients will only work for coefficients only
work if the non-homogenous function is:

f(z) = 2™, sinax, cosbx, e™* (12.0.4)

The method of variation of parameters, in contrast, can work. An example
(still) of method of undetermined coefficients:

Example 12.1.

Y+ 1y = 3sinbx
m>+1=0
m = %1

yp(x) = 1 cosx + cosinx
. yp(x) = Acosbx + Bsin bz
Up = —DAsinbx + 5B cos Sz
iJp = —25A cos bz — 25B sin bz

Which yields

iJp + Yp = 3sindx
—24Acosbxr — 24Bsinbx = 3sindx + 0 - cos bz

- B=|0],

A=t
8

Another example, but this has shared solution:

Example 12.2.

j+y=3sinz
y(@) = yn(x) + yp(x)
yu(2): §+y=0
m?+1=0
m = %1

yn(x) = c¢1cosx + cosinx
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Notice that the cosx is present here, and in
Acosx + Bsinx
therefore we multiply the whole thing with x':

yp(x) = z(Acosz + Bsinz)

3sina = x(Acosz + Bsinx)

Lyplx) = —jzcosT

In the method of variation of parameters, we need to know the solutions of
the homogenous set, given as

Yo = C1Y1 t C2¥2 (12.0.5)
then the homogenous part becomes

Yp = V1Y1 + V22
Plugging in y,,, we get

yp +pyp + qyp = f(:L‘)
Up = Viy1 + V11 + Va2 + vy
= (v1y1 + vay2) + (V1Y + vays)

We assume that
VY1 + VY2 =0

in order to not have to compute the second derivative. Therefore, we get 1, =
V1Y) + v2ys, and gy = (01y) + v2ys) + (V1Y] + vaYs).-
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1 wiyr + vhys
2 w1y + vhYh
(1) x yy + (2) x y2

The v are given by the Wronskian:

’Ué _ ylf
W(y1,2)
vll — y2f
W(y1y2)

An example:

29
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Example 12.3. Given the following:
i — 29 — 3y = 22°
yn(z) = cre™ + cpe®”
22 8 28
3 97 27
Re-find yp, but using method of variation of parameters: We know that
Yp(®) = v1y1 + v2y2

we can compute the Wronskian:

—x 3x

€
W(y17y2) = ‘ez 36330
— 3€Qx _ (_eQz)

= 4e*"

And using the Wronskian, compute the v':

r ya f
V] =—————
W(y1y2)
63$2x2
- 46296
1 2 x

=——z"e
2

yrf
W(yl ’ y2)
e %22
46291

1 .
_ 71,26731
2

I
Vg =

Next, we will have to integrate using integration by parts. We start with vy :

1
v = —/ (x%””) dz
2

1
f:§$2

g=ec

1
v1:—<2xze”’—/xemda§>
1 2 x x x
—ixe + [ ze® — [ e dx

1
= —53626’” + ze® — e”

1
=e" <_25L'2 +x— 1>
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Now, for vy:

Vg = /%x%_?’w dx

f=ga?

§=e

Vg = %xQe_;z — /a:e ;I dzx
= _xQeG_Sx + %/xe_?’x dx

Il
8
[\v]
@
&
]
+
| =
| —
8
o
&
]
|
®
&
)
U
8
—_

6 9
1 1 1
:—6$26_3w—§$6_3w—?7 —3x
1 1 1
_ 3z |_~-,2 - -
- [ 6" " 9° 27}

And finally, combining all these into the original equation for y,, we get:

Yp = V1Y1 + V2Y2

1 1 1 1
=e” <—2x2+x—1> X e T 4e 3 {—GxQ— 9% 37| * e3®
[ s s
173 ot ar

Exercise that we are given to try on our own:

Example 12.4. Compute the solutions for §j — 2y + 2y = €* - sinz. First, we
compute the homogenous part:

m2—2m+2=0
m=1+i

yn(x) = c1e” cosx + cae” sinx
A preliminary y, according to |Z|:
Jp(x) = (Ae” cosz + Be® sinx)

But notice how the (e® cos x+e” sinx) component is present in the yn(x) section.
(We are comparing the whole thing) Therefore we multiply the whole thing with
x:

Jp(x) =z - (Ae® cosx + Be®sinx)
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13 November 2: Method of Varying Parameters
and Simple Harmonic Motion

Example problem (3.7.15) that I went over during office hour:

sinax(—2A4; — 2(B1z 4+ Bz)) + cosx(2By — 2(A1z + Ay)) = zsinz
sinz(—2Bjx + (=241 — 2B3)) + cosx(—2A1x + (2By — 2A3)) = zsinzx

—2B; =1

—2A; —2B3;=0

—24;, =0

2By —2A5, =0

Therefore, substituting:

1
B, = —3

A1 =0

By =0

A =0

Method of Variation of Parameters
For the differential equation
§+p()y+q(@)y = f(2)

the method of variation of parameter tells us that, if y; and ys are the
solutions of the homogenous part y, then

yp(z) = v1(2)y1(2) + v2(2)y2(2) (13.0.1)

where we can determine v using the two equations:

Viys + vhys = 0 (13.0.2)
vy +vays = f() (13.0.3)
where
’ ya f
V) = —————— 13.0.4
! W(yla y2) ( )
/ y1f
v = ————— 13.0.5
2 W(yla y?) ( )

Example 13.1. Given the homogenous solution yn, = c1e® cosx + coe” sinx for
the problem i — 29 4+ 2y = e*sinx. To solve this using the method of variation
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of parameters, we compute the Wronskian of
y1 = e*cosw
Yo = e®sinx
to get

e¥cosw e¥sinx
e*(cosx —sinz) e*(cosx + sinx)
e?® (cosasimz + cos? ) — ¥ (cos#sinz — sin® z)

2x(

W(yla 92)

e?®(cos® x + sin® x)

_ eQm
Using the Wronskian, we obtain the v':

, eTcosxe®sinx
Vy = —————

eQm
=sinxcosx
= —gin2x
, e”sinxe” sinx
VI =TT
e T
= —sin’z

1
§(COS 2r —1)

And then we can compute their anti-derivative:

1
/ 5 sin 2z dx

Vg =
1 cos 2z
— T x—
2 2
1
= —— 2
4COS T
1
v1:/§(0052x—1)d9€
1 +sin2$
= ——x
2 4
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Plugging these back in to the equation [13:

Yp(x) = vi()y1(x) + va(2)ya2(2)

1 1 in 2
(—4 cos 295) (e” cosx) + <—2x + Slril x) (e®sinx)

1 . 9 - 1 sinx - cos T .
71(1 —2sin“z) | (¥ cosx) + f§x+ — (e"sinx)

2

= ——ze®cosx + —e*sinxcos“x — —e*sinx + —e*sin” x
2 + 2 4 + 2
1 . +1 -
= ——ze*cosx + —e*sinx
2 4
Note that we already see e*sinx in one of the homogenous solutions, yo, that
18, it is a repeat, and we have to ignore repeats. Therefore, the full solution is:

y = cre’ cosT + coe” sinx — ixer cos T
Fun fact, the derivative of the product of three functions is:
(fgh) = f'gh+ fg'h+ fgh’ (13.0.6)
The equilibrium position is the position where, if that is the initial state,

there is no motion. The position can be both positive and negative. Generally,
down is considered to be positive. Velocity and acceleration are given as

[ dy

v=y (13.0.7)
. d?
yzﬁg (13.0.8)

Note that m is the mass and k is the constant of proportionality for the restor-
ing force. The maximum force is directly proportional to the displacement y.
Therefore, we obtain:

m-§+k-u=0 (13.0.9)

As an example:

Example 13.2. For the parameters m =1, k = 16:

i+ 16y =0
m?+16 =0
m=0++v-16
=0 +4

Yy = c1 cos 4t + cosin 4t
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With the initial conditions yo = 1 and o = —4:

c1cosdt + cosindt =1
—4cq sindt + 4cg cosdt = —4
= c18in4dt — cgcosdt =1
. cpcosdt 4+ cosindt = ¢q sindt — cg cos 4t

= (c1 + c2) cosdt = (c1 — c2)sindt

The circular frequency is the number of oscillations in time 27 (w,), while the
natural frequency is the number of oscillations in unit time

Wo
f=57 (13.0.10)

The period is the reciprocal of the natural frequency T = %

14 November 7: Further Harmonic Oscillator

This week’s quiz will be on 3.8 (Variation of Parameters) and 3.9 (Harmonic
Oscillator).

Example 14.1. Given §j+ 16y = 0, with initial conditions y(0) = 1 and y(0) =

—4:
Yy = c1cost+ cosint
cos(aw — ) = cos v - cos § + sina - sin 8
= cos(t — §) = cost-cosd +sint - sind
cos?d +sin?d =1
cost sint
coepcost+eosint = V2 [ —— —
' ’ ( V2 ﬂ)
where cosd = —,
V2
1
sind = ———=how is this negative?
\/i g
Much confused :)
Note that

Wo = \/Z (14.0.1)

§ = tan~ (CQ> (14.0.2)

The phase angle is given as
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And the general solution is:
y(t) = ¢1 coswt + co sinw,t (14.0.3)
Slug is a useless unit. It’s value is:

1b 321
1ft/s> 32 ft/s”

1 slug = (14.0.4)

The extended system for damped/driven oscillations of hanging spring is:

my=F,+F,+F;+F, (14.0.5)
=mg — k(AL +y)—dy+ F(t) (14.0.6)

where F} is the force of gravity on the spring, Fy is the spring force, Fy is the
dampening force, and F, = F(t) is the driving force. Note that y is taken from
the equilibrium position. d is the constant for dampening, and AL is distance
of equilibrium to starting position (no mass). Hence, if we consider

mg = kAL at equilibrium (14.0.7)

we can rewrite the equations as

my + dy + ky = F(t) (14.0.8)
Dampening states:
d* —4mk < 0 is under damped (14.0.9)
d* —4mk =0 is critically damped (14.0.10)
d? — 4mk >0 is over damped (14.0.11)

For the latter two, the spring-mass system will eventually come to a halt.
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15 November 9: Damping and Laplace Trans-
form

Vertical Spring Mass System Formulae

A vertical spring mass system written in the form of

my=Fy+F,+F;+ F, (15.0.1)
=mg — k(AL +y) —dy+ F(t) (15.0.2)

can be solved as
y(t) = ¢1 coswt + ¢o sinw,t (15.0.3)

which can be re-written as

y(t) = Rcos(wt — ) (15.0.4)
where
R=1/c3+ c3 (15.0.5)
k
= —_— 1 . .
w=4/— (15.0.6)
§=tan~! (Cl> (15.0.7)
c2

In an under damped scenario [14.0.9] oscillations continue, but slows down
eventually to zero.
In a critically damped scenario [14.0.10] our equation for the position [15.0.3|
changes to:
y(t) = cre”" + cote™? (15.0.8)

and the practical result is a lack of oscillation while reaching zero (does not
cross the z-axis)
In an over damped case, the corresponding homogenous situation becomes:

yn(t) = cre™! + cpe™! (15.0.9)

where
_ —bx Vb —4dac
"= 2a
which results in no oscillation, but also reaching zero takes a long time.
Laplace Transform can be used to alternatively find the solution to a differ-
ential equation. Laplace transform is generally denoted with curly brackets.

(15.0.10)
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Laplace Transform

For a function f(¢) on (0,00), a Laplace transform of f(¢) is denoted as
and equal to:

L{f}=F(s) = /00o ft)-estdt (15.0.11)

for s > 0. Note that s is a constant.

Example 15.1. Laplace transform of 1 is:

t—o0
1

£{1} = F(s) = /0 T st — {_ie_ﬂ -l

Another example, using integration of parts via tableau method:

Example 15.2.

L{t} = F(s) = /OOO te st dt

Example 15.3.
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16 November 14: Laplace Transform
The variable s can have a restriction. One property of the Laplace transform is:
L{f'} = s F(s) - f(0) > F(s) = L{f} (16.0.1)
The quiz will be on 3.10 and 5.1, in groups.

Laplace transform is useful in cases where there is discontinuity in the orig-
inal function.

Example 16.1. Given the step function:

1 t>5
f(t):{o 0<i<s (16.0.2)

In this case, we can assume that f is a unit step function denoted as:
ft) =u(t—5) (16.0.3)
and hence be denoted with the Laplace function:

L{f} = L{ut - 5)}
:/0 f(t)e st dt

5 oo
:/ 0e 5t dt—l—/ le st dt
0 5
:/ e "t dt
5

$ t=5
—0- |-5e]
6755
- S
Therefore:
Clult—5)) = &
Llu(t — )} = e;
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f(®) F(s) domain of F(s)
T
1 - s> 0
o
n n.
t"sneN o >0
p(p+1)
tPo>p>-—-1 i >0
et s>a
s—a
a n n.
e .thsneN W s>a
sin bt = g = s> 0
cos bt s> 0
82~£b2
sinh bt s s> bl
cosh bt = i B s> bl
at o b
e . sin bt m s>a
e™ . cos bt _(s=a) s> a
G-l
u(t —c) ¢ s> 0
s
tu(t—c) 'f(t—C e—cs F(S)
fo f(t—7)- g(r)dr F(s)G(s)
5(t70) efcs
%f(t) g™ . F(s) _ S”flf(()) . Snfzf/(o) . f(nfl)(o)
. f(t) (_1)n . Fn(S)

Example 16.2. FExpress the following function:

—2t+39 0<t<10
f) =
260—1  t>10

in terms of u using Laplace transform.
This can be re-written with [18 as:

0 0<t<10
"(tm){l t>10

and then later transformed into

1 0<t<10
1_u(t_10):{0 £>10
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The function f is a composition of fi1 and fo where

“2t439 0<t<10
oo <t<
Alt) {0 t <10

0 0<t<10
1) = =
fa(t) {2t—1 t>10

Now, we can combine the expression that has t with the unit function:
f)=(=2t+39)- (1 —u(t—10)) + (2t — 1) - u(t — 10)
Their Laplace Transform would be

L{F()} = L{(=2t +39) - (1 —u(t — 10))} + L{(2t — 1) - u(t — 10)}
= £{2t — 39}

Unit Step Function u(t)

The function w(t) is the unit step function that is defined as

u(t) = {(1) i;g (16.0.4)

17 November 16: Properties of Laplace Trans-
form

Example 17.1. Laplace transform of:

f(t):{sint O<t<m

0 <t

using

L{u(t—c)- f(t—c)} =e “F(s)

Our main equation can be written in unit piecewise function as

ft) =sint- (1 —u(t —m))
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From there, we can compute the Laplace transform:

L{f(t)} = L{sint —u(t — m)sint}
= L{sint} — L{u(t — 7)sint}
= ﬁ —e ™. L{sint}
f(t—m) =sint
S f(@) =sin(t+7)

= —sint
1 1
LIy =g +e ™
1 —Ts

Derivative property:

L{f"} = sL{S} = f(0)
= L{f™}=s"L{f} = "1 f(0) = s"2f'(0)~

S"20) = = s TR (0) — f 7 (0)

Translation property:

L{e" - f(t)} = F(s —a)
F(s) = L{f(t)}

Assuming F(s) on s > f3,

L™ - £(1)} /0 ot ft)est dt

8
f(@t)-ete=s) dt
0

F(s—a)>s>p8+b

Derivative of Transform:

LA F1)) = (1) R (s)

If f(t) ~ el for s > 3

d d [ _,

- /Ooo(—t)est ) dt
P = () /Ooot”e—st f(t)di
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.

List of Inverse Laplace Transforms

_i n! o
r {+ } .y
£71 1 _ 6at
s—a
b
L1 {52 e } = sin bt
L1 {82 j_ 62} = cos bt
L1 { b } = sinh bt
2 _p2
£t { 5 } = cosh bt
s2 —p2 -

(17.0.12)
(17.0.13)
(17.0.14)
(17.0.15)
(17.0.16)
(17.0.17)

(17.0.18)

Example 17.2.

Example 17.3.

|

1

5242545

b= i)

=e ! 1 sin 2t
B 2

Example 17.4. Using partial fraction decomposition:

10
s(s+5)

2 2

8784-5
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18 November 21: Initial Value Problems and

Discontinuous Forcing Functions

Partial fraction decomposition for

can be solved by using:

1. If Q(s) = as + b, then

as+b
2. If Q(s) = (as + b)™, then

Al + A2 + + An
as+b  (as+0b)? (as+b)"

3. If Q(s) = (as? + bs + ¢), then

As+ B
as? 4 bs+c
4. If Q(s) = (as?® + bs + ¢)", then
AlS + Bl AQS + BQ A,LS + Bn

as?+bs+c  (as?+bs+c)? ot (as? + bs + )™

Example 18.1. To solve

£ {5(513 5)}

we first do partial fraction decomposition

10 A B

s(s+5) s s+5
2 2

to get:
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Example 18.2.

vl

8 A Bs+C
s(s?2+4) R
2 2s
T s 5244

Now doing the inverse Laplace transform:

8 1 1
1) N _gp-1)il _gp1) 1
£ {5(52—1-4)} £ {s} £ {32—1-22}
=|2—2cos2t

Example 18.3. Do this at home:

o { ® 829>3 }

Laplace transforms can be used to do initial value problems, that would
have otherwise been solved by method of undetermined parameters or method

of variations.

Example 18.4. Solve the IVP:

i+ 9y = 20e "
y(0) =0
y(0) =1
L{j}y+9L{y} =20L{e"}
= (¥ (5) 5 5(0) — §(0) + 9 () =
= (Y6 1) #9710 = 2
(9 Vi) = e
20 1
Y(s) = G+ D2 +9) T

Now do Inverse Laplace Transform:

2 —25+2 1
-1 _ pr-1 -1 -1
LY(s) =1L {S+1}+£ {52+32}+£ {52+32}

2 1
=y =2e""—2cos3t + gsin3t+ gsin?)t

:‘Qe’t - 20053t+sin3t‘
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Example 18.5. Solving:

y—2y—-3y=0
y(0)=0

y(0) =1

LAy —2L{y} —3L{y} =0

(s*-Y(s) = s-5(0) = 9(0)) = 2(s-Y(s) =9(0)) =3(Y(5)) =0
§2.Y(s) —25-Y(s) —3Y(s) —1=0

We need to re-arrange and do partial fraction decomposition:

1
Vi) = — —
(5) 52 —-25—3
A n B
Cs+1 s—3
A+B=0
B—-3A=0
1
A==
4
1
B="=
4

Now, do inverse Laplace Transform:

ﬁ1{Y(S)}:i£1{541_1}_411£1{5i3}

1 1
_ Zeft_ze?)t

Laplace transforms can be used to solve differential equations with discon-
tinuity.

Example 18.6. First converting to Laplace

j=1—u(t—1)

y(0) =0
i) =0
L= £{1} - £{ul— 1)
V() =5 9(0) —y(0) = - — &
s2-Y(s) = é — e;s
VO =
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Then doing the inverse:

LY (s)

N)M—l

2]

u(t —1) - f(t —1) 3 f(t) =t

o

- %tQ - §u(t —1)(t—1)?

19 November 23: Introduction to Linear Sys-
tems

We should read pages 323 to 328 to get a revision of linear algebra. We will
later learn about converting an nth order differential equation into n first order
differential equations. This produces a linear system of differential equations.
An example of such system is:

dx
ditl = all(t)xl + alg(t)IL'Q —+ -+ aln(t)xn + fl (t)
dl‘g
— = () + an(t)ra + -+ a2 (B)zn + fo(1)
dz,

dt = Qnp1 (t)xl + ang(t)l'g + M + ann(t)xn + fn(t)

In matrix form, the elements are denoted as a;;(t), where i is the row, and j is
the column. we can simplify the above equation by calling a derivative on the
left side:
1 aix -+ Qin x1 fl

=|: .. S+ (19.0.1)

LTn apl  *°° Gnpn LTn fn

4
dt

Example 19.1. Re-writing the following as a system of equations:

i=2y—2
§=6z—Ty+1

Where © and y are both functions of t. This yields:
d [z]| 2y -2
i) = o)+ [7]

0 2| |z -2

-lo 2B+ 7]
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Example 19.2.
y =3z —4y
=5y —x+10

dilz| _[-1 5]z n 10
dt ly] — |3 —4] |y 0
The D operator is used to represent the Leibniz notation for a derivative:
d
D=—
dt
2 &
dt?

d’I’L
dtn
Example 19.3. Rewriting the following using the D operator:

n

y—2y—3y=0
D?*.y—2D-y—3y=0
which can be simplified as:
(D*-2D-3)y=0
(D+1)(D-3)y=0
Example 19.4. Unwrapping:
D(D —2)-cost = (D* —2D) cost

2

d
= ﬁcost— 2% cost

= 2sint — cost

An nth order equation can be converted to a system of first-order differential
equations.

Example 19.5. Conwverting to a first-order system of linear equations:

jty=t

y(0) =1

y(0) =0

Letting p4q = y™:

=Y

T2 =9

=11 =9

= X2 =4
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Now we can write the linear system in matriz form:

AL ][]

Example 19.6. Higher power to lower:

y W —y=0
z; =yY Vi<n
T; = y(i) Vi<n
=T;_1 Vi<n-—1

where n 1s the highest derivative. Therefore, our solution is:

T xTo 01 0 O Ty
d To|  [T3] 0 01 0 xTo
dt {3 |xza| |0 0 O 1| |z
Ty X1 1 0 0 O Ty

Method of elimination can normally be used when we have around 2 to 3
variables. Suppose we have

Dr—y=0
—x+Dy=20

We can treat it as a system of equations and use method of eliminations (mul-
tiplying the first equation with D)

D Dx —y =0]
+[ —z+ Dy = 0]
D*zr—2=0

T—x=0

The zero matrix is denoted as O,,, x», which only has zeros. The identity matrix,
I, «n, which has ones on the main diagonal, and zeros elsewhere. It is equivalent
to ‘1’ in regular math:

Regular: a-1=1-a =a (19.0.2)
Matrices: A I=1 A =A (19.0.3)

For matrices, addition is element wise:
A+B=C> Cij = Qij + bij (1904)

and the same is true for subtraction. Note that small letters denote the element
of a matrix, while big bold letters denote the matrix itself.
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Matrix multiplication requires the number of columns n of the first to match
the number of rows m of the second matrix. Matrix multiplication is the dot
product of the individual rows of the first matrix, with the individual columns
of the second matrix.

The determinant is denoted with straight bars. For a 2 x 2 matrix, it is:

A| = Z‘ Z‘ =ad — be (19.0.5)
The inverse of a matrix is such that:
Al A=1 (19.0.6)
analogous to
a-at = Z =1 (19.0.7)

20 November 28: Basic Theory of First Order
Linear Systems

The final exam is on the 12th of December, in class, and we are allowed to bring
a formula sheet double-sided, and it can be printed.
A first order differential can be written as

&= Az (20.0.1)

where A is an n x n matrix of coefficients for the vector of variables z .
nx

Example 20.1. Solution of §j + 4y + 3y = 0 using roots:

m24+4m+3=0
m=—1, =3
yi(t) =e™
yz(t) _ e—3t
et o3t
W[yl’y2] T et _3e-3t
#0
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Now, converting it to a linear system:

=[]
_ ﬂ

i(t) = :_493;2_ le}
- _—03 —14} Bj

Without the use of Figenvalues, this can be solved as:

[x1] _ {y] _ {C1y1 +-02y2] _ [y1} [yz]
= |.| = . . =C|. +c2 |
T2 Y c1Y1 + c2Y2 Y1 Y2
which means that the solution can be written as:

N e 1 _ (2)
z(t) =1 ot + co _ge-st| = A (t) + coz' ()

notice that this is near identical to the Wronskian.
For the given differential equation
aj+by+cy=0

the system of equations becomes:

| B A ]

(20.0.2)

This can be solved by determining the eigenvalue A\ and eigenvector £&. To obtain

the eigenvalue:

det [A — M| =0

_‘—)\ 1 ‘
- c b
~a Ta= A
b
:>—)\<——)\>+c=0
a a
b
S A2+ A+ =0
a
by -as
A:
2

o1

(20.0.3)

(20.0.4)
(20.0.5)

(20.0.6)

(20.0.7)



To obtain the eigenvectors £(1) and ¢(®),

(A= \I) W = m (20.0.8)
A 1 a’ o (20.0.9)
5 sl [ = lo .
€D e =0 (20.0.10)
e (Zh Y e — g 20.0.11
20+ (-2-a) 6 (20011)
Note that each solution has the format:
@ = rit . g (20.0.12)
and overall
z=rc -2V 4¢p-2? (20.0.13)
Example 20.2. Given
2 0
=[5 5
computing the eigenvalue ():
det|A — M| =0
2—A 0
det 0 5 )\‘ =0
M +3X-10=0
— 2_4.—
5= 3++/32-4--10
2
A =2
Ay = -5

The corresponding eigenvectors is determined by:

A =2

-

(A-AD)¢M =0

21 November 30: Homogenous Linear Systems
with Real Eigenvalues

The definition of Eigenvalue A and Eigenvector £ is:

AL = X (21.0.1)
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The inverse of a two-by-two matrix takes the form:

P — [d _b]. (21.0.2)

" ad—be

—C a

Solving Homogenous Linear Systems with Real Eigenvalues
To compute the eigenvalue:
det(A — AI) =0 (21.0.3)
And once we get A, we can find £ using:
(A-X)¢=0 (21.0.4)
A particular solution is given as:
@ = eite (21.0.5)

And the general solution is

z(t) =Y c;-a(t) (21.0.6)

\.

~

Example 21.1. Finding the eigenvalue and eigenvector for A
Sy
A- )= {_i\ _1)}
det(A —AI) = \2 +1
det(A —AI) =0
= M+1=0
A=+i
A =1
Ao = —1i
Now, the eigenvectors:
(A=X)¢E=0

A1
[—11 —)\J ¢=0

22 December 5: Complex Eigenvalues

A complex eigenvalue is given with the notation

A=ax+pi (22.0.1)

93



in which case, the eigenvector can be written as
E=a+bi (22.0.2)

The fundamental solution becomes the linear combination of particular solutions
(just like [21.0.6)), however, the particular solution becomes:

s W (t) = et (cos Bt-d— sin St - (_)') (22.0.3)
2@ (t) = e (sin Bt - d+ cos 5t - g) (22.0.4)
2(t) = ez (t) + ez (t) (22.0.5)

Example 22.1. Continuing from the previous example
- 1 [|X| |0
-1 —i| |Y| |0

And then for Ao = —i

Hence:

I
RS
H_
<

U
I
=
—_ 1

S
I

This leads us to the particular solutions:

a=10
B=1
zW(t) = e ({(1) cos fft — [ﬂ sin Bt)
[ cost ]
- |—sint]
2@ () = e (B sin Bt + [ﬂ cos ﬁt)

__|sint
" |cost
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A more practical example:

Example 22.2. Given:
¥ =2y—5y

i=|, "
- 2.232 — 51‘1

= Ax

Find the eigenvalue and eigenvectors.

|A—X|=0
A1
-5 2—2\
AN —224+5=0
2+4—4-5
2
=142

(A, Ao) = (14 2i,1 — 20)

-

)\:

Now, finding £:B

(A-A)¢=0
—1-2i 1 A
=5 2-1-2i [¢M| [0

P-1-2)+¢ =0

—5¢ + &V (1-2i) =0
561" — €17 (1 - 2i)(1 - 20) = 0
)=0
) =0

Solving for €1 :

5 W1 49272

To avoid getting a zero, we have to select an arbitrary non-zero value:
1
e =1
¢V =142

- [ ta] - [ g
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This allows us to find the specific solutions:

a=1
B=2
2 (1) = e ( } cos Bt — [(2)} sinﬂt)
— ot cos 2t

cos 2t — 2sin 2t_

2@ (t) = e ( - sin Bt + [(2)} cos 515)

o sin 2¢
| sin 2¢ + 2 cos 2t |
z(t) = ey (t) 4+ oz (¢)

o[-}

y = e'(cy cos 2t + ¢z sin 2t)
1y = €' (c1(cos 2t — 2sin 2t) + co(sin2t + 2 cos 2t))

=

Since

We can write:

The benefit of this method is its ability to solve equations of arbitrary sizes.

23 December 7: Review for Final Exam

The Final will include chapter 3, 5, and 6. The following, in order of importance,
should be reviewed for ideal preparation.

Midterm’s problem 2, 3, 4, and 6 should be reviewed.
From the quiz, 5 to 9 should be reviewed.
Chapter 6 will have to be reviewed separately.

Review the notes.

St W=

Review outlines of chapter 5 and 6.
6. Do the Homework.

For the Final, make sure to:
1. Bring student ID
2. Bring scientific calculator

Quiz 9 has been graded, but to receive the paper, we will have to Email her and
get it from her on Friday.

All of chapter 3 is about second order differential equation, chapter 5 is
about Laplace transform, and chapter 6 is about using matrix math to solve it.
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23.1 Review

1. The form of a 2nd order linear differential equation is
ap(z)j + a1(x)y + az(z)y = g(x) (23.1.1)

and ag(z) # 0Vz and can be rewritten as
j+p@)y+q(@)y=f(z) (23.1.2)

2. Integrating factor method does not work for the above.

3. The homogenous 2nd order linear differential equation can be solved with
the superposition principle.

4. The superposition principle for homogenous equation is where there are
two solutions for a linear differential equation: y; and yo, and therefore:

Y =ciy1 + c2¥2 (23.1.3)

will also be a solution.

5. Initial Value Problem is where we are given y(0) and y(0) to solve the
problem. The initial values are required for solving using Laplace Trans-
form.

6. A solution for a non-homogenous equation exists and is unique if
p(x),q(x), f(x) are all continuous for x € (a,b) with an initial condition
existing in z € (a,b); only applies to that interval.

7. y1 and ys are linearly independent if
c1y1 + coys =0V € x (23.1.4)

and the only solution is if ¢; and ¢y are 0. This can be confirmed using
the Wronskian.

8. The Wronskian is given by

Wyrye) = 70 2 (23.1.5)
Y1 Y2
9. For the homogenous linear differential equation
i+ p()j+ q(x)y =0, (23.1.6)

the following are equivalent:

(a) y1 and y, are linearly independent solutions on = € (a, b)
(b) Wlyr,y2](x) # 0Vz € (a,b)
(¢) Wly1,y2](x) # 0 for at least one xg € (a,b)
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10.

11.

12.

13.

14.

15.

y1 and ys are two linearly independent solutions (for homogenous) if any
solution Y can be expressed as

Y(z) = crya () + coya () (23.1.7)

For homogenous, y; and yo are the fundamental set of solutions, and the
general solution is given as the linear combination of y(z) = c1y1(z) +
cay2(x), which can be determined if we are given some initial conditions.

To solve the homogenous equation, knowing one solution y; (z), then we
can solve for yo(z) even if p(x),g(x) are functions of their own, by using
the Reduction of Order Method, where
(@) = o) 3 oa) = [T (23,19
ygx:vxylxavx:/ix 1.
(11(2))?

note that the above integral is with respect to s because that is supposed
to be done first, and then that can be changed to x.

For constant terms in ajj + by + cy = 0, then y(x) = e™*, where m can be
obtained using
am®+bm+c=0 (23.1.9)

Depending on the discriminant D = b — 4ac, if:
(a) D > 0, then we have two distinct roots r1, 72 and
y(x) = 1™ 4 coe™” (23.1.10)
(b) D =0, then we have one root r, but
y(x) = 1™ + cowe™ (23.1.11)
(¢) D < 0, then our solution will have complex roots p =+ gi:
y(x) = eP(cq cos gz + co sinqx) (23.1.12)
Consider the non-homogenous equation
j+p@)y+q(x)y = f(z) (23.1.13)
then the general solution is
y(x) = yn(x) + yp(x) (23.1.14)

where y,(x) is the general solution of the homogenous part, while the
yp(x) is the particular non-homogenous solution part.

For non-homogenous, there also is a superposition principle, where y(z)
is the output (solution), and f(x) is the non-homogenous part.
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(a) Scalar property, where if y(z) +— f(x), then ky(z) «— kf(z)
(b) Additive property, if y1 «— fi(z), and yo <— fao(z), then y1 +
Y2 < f1+ [

16. The particular solution y, can be computed using:

(a) Method of Undetermined Coefficient, which works if f(z) is any of
the following x™, e®*sin Bz, cos Bz, or the products of those. In this
case, use table [1| to choose a y,, and then plug it into the original
non-homogenous differential equation:

Up +p(x)yp + Q(x)yp = f(=) (23.1.15)

to determine the coefficients. Multiply with 2%, where S is the num-
ber of non-homogenous solutions that the particular solution candi-
date matches with. f(z) can be the product of multiple candidates,
in which case, we can exclude any additional coefficient A.

(b) Method of Variation of Parameters, where:

Yp(z) = v1(2)y1(2) + va(2)ya(2) (23.1.16)

in which y; and yo are the fundamental set of solutions for the
homogenous part of the solution. v is gives with:

Y2 f

V)= - 23.1.17
! W(ylvyZ) ( )
/ ylf

vy = ———— 23.1.18
2 W(yhyQ) ( )

and
viy1 +vaye =0 (23.1.19)
viyy + vays = f(x) (23.1.20)

24 December 13: Planning for Extra Credit

Please write a one-page report (single-sided) about the applications of differ-
ential equations (where you can use differential equations). You can use some
references, but all sentences need to be written as your own and paraphrased.
Also, the examples or applications should be outside of the textbook. You may
be able to include some equations and explain them as an example. The report
needs to be single-spaced with 11-point font as a Docx or PDF file.

1. What differential equations are.

2. Summary of applications.

)

Py

3. Logarithmic growth ‘fi—f =kp(1 —
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4. KVR equation in Unit 23 RLC Circuits pre-lecture
5. My research with non-linear, sine.

6. Summarize.
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