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Our TA is Conor Fitzpatrick. Our TF's are Gabe,
Katie, August, and Darryl. We will be doing a mixed
bag of online and in-person office hours. Our profes-
sor is Dr. Joshua Radice, email is radice@Qusna.edu.
For online office hours, it will be on Google Meet.

Category %
Exams (4) 80
Quizzes and Homework | 20

Table 1: Grading Scheme

A lot of example problems will be given through-
out the semester. We will be sending scans of our
homework online. We will not have common final.
The exams are ‘accidentally’ cumulative, as in we will
use old material.

The next assignment is already released. The
quizzes we will have (they will be surprises) will be
from the homework, hence recommended doing the
homework. We can work together. Exams are always
3 questions. One of the exam problems will be from
homework. Homework due Sunday night. We should
do one problem in each page. In the exam, only one
question will have algebra that we need to solve.

We don’t need to do algebra, as in we can use
things like MATLAB to solve equations. We need our
final answer, if possible, to be in a closed equation. A
day by day schedule is provided in the syllabus. We
will not have class next Friday, since the professor has
something at his main job.

In discussion, it will be like an open forum. The
last 20 minutes will be a quiz. We can use the equa-
tion sheet.

Questions to Ask:

uf Grading percentage between quizzes and home-
work? A ratio that is most advantageous.

¥ Can we use Sth edition of the book? Will not
have proper homework questions, so no.

¥ Will the equation sheet be on the exams? Yes.

2/01: Rectilinear Kinematics

In this class, we will not consider deformation, except
for springs. This class will have two main divisions:

1. Kinematics: Pure description/study of motion
(e.g. projectile motion).

2. Kinetics: Loads and the motion they cause.


mailto:radice@usna.edu

A particle is a point mass. A problem should be
dealt with like a point mass if the dimension does not
matter. Rigid bodies should be used if dimensions
and rotations matter. The four quadrants are:

‘ Particle Rigid Bodies
Kinematics | Exam 1 Exam
Kinetics Exam Exam 4

Table 2: Four Quadrants of Exams

We will focus on particle kinematics for now. A
rectilinear description is a scalar description that de-
scribes what a particle is doing, along its flight path.
Example: a roller coaster that only knows to acceler-
ate the car and path length.

s is the arc length along a given path (position).
Our displacement is given as

(1)

As = sy — 51

The average speed is given as

As
Vavg = Kt

While the instantaneous speed is given as

_ds

YT

The average acceleration is given as

Av
oo = A

and the instantaneous acceleration is

dv d?s
ay = =

T aE (5)

Note that acceleration can be a function of the po-
sition, or also velocity (e.g. acceleration decreases
when speed increases (to reach terminal velocity)).
Therefore:

ds
a
dv
a ¢
ds _ dv
U_a

cLapds=vdv

A particle travels in straight line with equa-

tion

The particle starts at s = 1. Find:

O acceleration at 2 seconds a:(2),
O when a(tf) =0,
[0 where the particle is at ¢ = 3, that is,

2 S
m
For the second:
2 -8=0
2
tr=14/8: =
f 3
= 2.31s

And finally, take the integral for the position:

t3
= [ — —8tdt
s /2
t4

s5(0)=1m
t4
s:§—4t2—|—1[m]

s(3) = —24.875m

A dot denotes time differentiation (e.g. v), while
a comma denotes space differentiation (v’). The pro-
fessor does not care about how many significant or
decimal places we use.

Example 2

From what floor of a building must a car be
dropped from an at-rest position so that it
reaches a speed of 80.7 ft/s (55 mph) when it
hits the ground? (Note: each floor is 12 ft.)
How long does it take to reach the ground?

Considering origin to be the floor, with posi-




tive direction being up:
ar = —g
0
v=—gt+2{
gt®
=< | H
S 5 T
t2
s(t) = —QTf +H
=0
v(tr) = —gty
= —80.7
Sty = 2506s
o H =101.13ft

Calculators are allowed in the exam, but only one
problem is numerical.

2/03: Curvilinear Motion and Carte-
sian Coordinates

When we are integrating with respect to anything,
there will be a constant of integration.

To solve cases where the function is not directly
in respect to time, we can do:

(7)

Examples when this is the case are spring acceleration
(dependent on position), and drag which is a function
of velocity

(8)

Example 3

A projectile is pushed through along a mag-
netic track that imparts an acceleration ac-
cording to the following profile:

ads =vdv

adv=vdv

a = (8—2s) [5@2}

If the projectile is initially at rest, what is the
speed of the particle as it exits the 4m long
magnetic track?

Given
a=8—2s
v(0) =0
L=4m

Asked for v(L). Solution:

ads =vdv
/872sd5:/vdv

2

88—824-01:%

v =1/16s — 252 + Cy

Then, inserting the initial condition,

0(0) = V/C,
v =1/16s — 252 [m/s]
v(L) =16 x 4 — 2 x 42

[

A rectilinear description of motion is the scalar de-
scription along the flight path. A curvilinear descrip-
tion is a wector description. In the latter, ¥ denotes
the position vector. In this case, the displacement is
given as:

(9)

J

A7 = 7 — 7

and the average velocity is:

AT
Ty = —— 10
wos = Az (10)
Instantaneous is 47
7
= — 11
T (11)
The average is the secant, the instantaneous is tan-
gent.
Similar applies to acceleration:
. AU
am,g = E (12)
dv
ad=— 13
A7 (13)

Acceleration can change our speed, our direction, or
both.
The derivative of the product of scalar functions
is
d . :
aa(t)ﬂ(t) =af + af

and similarly, the derivative of the product of scalar
and vector is

% ()A(t) = 6A + aA (14)

For strict vectors
SAn By=A-B+AB ()
iy xBuy=ixB+AxB ()



In Cartesian coordinates, the position vector can
be denoted in i, 7, k format:

F=rgi+1y) + r.k (17)

Note that when taking derivative of the position vec-
tor, we also take the derivatives for 4, j, k, but those
turn out to be 1 since they are constant.

F=@i+y)+ sk (18)
—F (19)
#i+ i) + 2k (20)
—d (21)

=
Il

To obtain the direction only, we can obtain a unit
vector

—

ar = — (22)

|
which varies over time. The magnitude of the velocity
is speed, but the magnitude of the acceleration is not
too useful because there is no useful physical quantity
expression for it.

Example 4

The velocity of a particle is
b= (2+1t,4t —2t%t — 1) [m/s]

is initially at the origin. Determine the speed
of the particle as a function of time. Deter-
mine the acceleration of the particle as a func-
tion of time. Determine the displacement of
the particle between 2s and 3s. Asked to find

O o(t)

O a(t)
O A7 =7(3) — 7(2)

For the speed,

v(t) = V(2 +1)2 + (4t — 2t2)2 + (t — 1)2 [m/s]

and for the acceleration (vector),
a(t) = (1,4 — 4t,1) [m/s?]

For the displacement, first obtain the equa-
tion:

ﬂﬂ:/ﬁ&

1 2.1
= (2t + 57:2, 22 — gt?’, §t2 —t)

And then just find the difference.

Important note: the braket notation is not rec-
ommended due to ambiguity.

Example 5

The particle starts at the origin and trav-
els along the path defined by the parabola
y = 0.522. The component of velocity along
the z axis is v, = (0.5¢) ft /s, where t is in sec-
onds. Determine the particle’s distance from
the origin and the magnitude of the particle’s
acceleration one second later.

2/18: Asynchronous Class

Steps for doing pully problems:

1. Determine the number of independent working
cables

2. Define moving points or bodies in respect to
fixed axis

3. Define/specify positive directions

4. Write working cable length equations in terms
of moving particle positions

5. Assuming fixed length cables, take the deriva-
tive of the length in respect to time

6. Take the derivative another time for accelera-
tion

7. Solve for the missing variables

2/15: The normal-tangental coordinate
system

Positive is generally taken away from the origin, or
points that does not change.

Unlike the Cartesian coordinate system that is
fixed in space, the normal-tangental coordinate sys-
tem follows the point. It involves the tangent, nor-
mal, and binormal unit vectors:

U, Un, Up (23)
The tangent is the direction of travel of the particle,
whereas the normal unit vector points to the direction
of turning. The normal vector is always perpendicu-
lar to the tangent vector.

ﬂB = ﬁT X ﬂN (24)
The origin, in this case, does not matter. The velocity
will always be the scalar speed in our direction of
travel

(25)

17: UlALT



The acceleration is given as
a = vur + vir

Taking the infinitesimal change in time, we get a ra-
dius of curvature p:

ds = pdf
dar = dfay
X ds
ur = —UuUnN
p
X v .
ur = —unN
p

therefore the acceleration is

U2

a=vur+ —uy

Example 6

If the car decelerates uniformly along the
curved road from 20m/s at A to 15 m/s at
C, determine the acceleration of the car at B.

(26)

Given sap = 250m, sgc = 50m, vg =
20m/s, v = 15m/s, pp = 300 m.
v2
ip = vplr + =iy
PB
ar ds = vpdv
02
=ars+C = 5 (integration)

2

CZ%—QT'O

=200m?/s?

1 (v,
sap+spc \ 2

—0.2916 m /s>

vg = \/2ar - sap + 2C
=15.943m/s

2
Us

p
=0.8472m/s

s = —0.29160r + 0.84724y [m/s?]

= ar =

anN =

Uniform acceleration is about speed, not about
change in direction, normally.

2/17: N-T and Polar Coordinates

From last class, we learned that N-T coordinates care
about where we are going and turning, not where we

are. The tangent points to where we are going, and
the normal direction points where we are turning.
The binormal is their cross product.

U = vip (27)

=[0] (28)
’U2

a = vur + ?ﬁN (29)

(30)

In our example problems, if we are asked to find
the acceleration, find the vector.

When a car starts to round a curved road with
the radius of curvature of 600ft, it is traveling
at 75 ft/s. The car’s speed begins to decrease
at a rate of —0.006t*ft/s?>. Determine and
draw the acceleration of the car when it has
traveled a distance of 700ft.

Given
vo = 75 1t/s
p = 600 ft
L="7001t
b = —0.006> [ft/s’]
= —at?

We use N-T coordinates because the car is
moving in a path that is not so clear. We
know the relationship that

R

af =vfur + ?u N

0 = —at?

We should think about exactly what we will
do before actually do it. We double integrate




the v:
v = _a_t3 + vo
34
s = —% + ot +;(0
s(ty) =L
= _a_t4 + vt =L
12
=ty =9.38s
v(ty) = 73.34ft/s
b(ts) = —at}
@ = 0.5284i7 + 8.9660y [ft/s’]

In our homework problem, we must define the
base vectors graphically (on the figure). We should
also draw the acceleration and velocity vectors.

~
-

A
30066 60°__

300 f

Figure: 12_P129-130

Figure 1: Example 8 Figure

Example 8

The motorcyclist starts at A with a speed of
3 ft/s and increases her speed at a rate of
(0.15) m/s? where s is measured in ft. Deter-
mine and sketch the velocity and acceleration
when the motorcycle reaches point B.

We are given:

H= ar
=0.1s [m/s?]
=as

R = 3001t

6 = 60°

vo =31t /s

and asked to find ¥, d. Like previous, our re-
lationships are

We can find the arc length to find the distance
covered (note, 6 is used in radians):

SfZRH

= 3001t x 60 mrad

180°
= 314.159 ft

and therefore

vy = 31.416 ft /s

a;ds =vdv

/asds:/vdv

as? v2

> L0 = —

g T1T
v=+/as2+ C
UOZ\/Cl

= Cy = v [ft?/s?]
Now find the values

v=1/as®+ v}

= vp = 99.391t/s
- U= 99.3907 ft /s
:.@ = 314y + 32.92ay [ft/s”]

y = 0.01x°

——60m—

lgure: 12_P14:

Figure 2: Example 9




Example 9

A toboggan is traveling down a curve which
can be approximated by the equation shown.
Determine and draw the acceleration at point
A where it’s speed is 10m/s and it is increasing
at a rate of 3m/s?

In this problem, referring to [2| our tangent
direction is down the hill along the path of
travel, and normal vector is to the left.

7= ’U?:I,T
= 10’[1,1“ m/s

The equation for a complicated p formula is
given in our equation sheet, about 2/3rd the

way down:
dy\ 2 3
1 7
( + <dx) )

%y
da?

p= (31)

The acceleration vector will be to the left,
since some of the acceleration is to the top
left, and some to down left.

We will focus on cylindrical polar coordinates.
When we describe cylindrical polars, we describe us-
ing r and 0; the third direction is simply z. Spherical
polars are more challenging, and we will not be using
them yet; they can be more practical though, such as
in the case of our eyes. Our ears perceive the world
N-Ts. We get motion sick because eyes and ears give
two different bits of information.

u_ theta

Figure 3: Cylindrical Polar Coordinates

Our 7y has nothing to do with motion of particle.
It only relates with our position. It is 900 counter-
clockwise to our w,. Our 4, points away from the
origin.

If it is circular motion, the %, points away from
the circle, while 4y points in. The 4y and up also
point in opposite direction.

One of the problems is that, in motion, both of the
polar coordinate vectors change. We define a position

vector

(32)

and therefore

(33)

2/22: C-P Derivations and Problems

Cylindrical coordinates is the hardest. In this class,
we learned about rectilinear and N-T description.

The two unit vectors for cylindrical polar are the
Gy and 4, (and the z). This is different from N-T. r
does not depend on what the particle is doing; just
where it is (In contrast, 4y is curvature). The r is
just the direction from where the particle is from the
viewer /origin. g is just 90 degrees counter clockwise
from @,. There is an origin in this case, and a position
vector:

7= ri, (34)
and the velocity vector is
dr dd,
é:ﬁ:mrw ;; (35)

When a particle moves, the particle experiences a
change in angle dé.

Figure 4: Deriving the velocity vector

Referring to figure [4] where the blue line denotes
the changed position, we can write our velocity vector
as

T =T, + 10 1. (36)

A real world example is where a circular disk
spins, and its angular velocity is basically 0. w will
be a specific property on a rigid body: if one particle
on a body has an w, another point also has it.



Taking the derivative of [36] we have:

dv

= (37)
= il + 7y 4 700p + 70lg + 107w (38)

ddig do
dt ~  dt 39)
= —ba, (40)
= @ =i, + 2700y + rbiy — r6a, (41)
_ (r _ r@'?) a + (ré + 27-«9') o (42)

where the first term for #, is how much the point

is running away from the origin. The second term
(for 4,) is the centripetal acceleration:
ae = Rw? = r6? (43)

In the second term, the 6 is the Ra term we'd see
in Physics. The 270 is the Coriolis effect. These are

for equation
Also, note that the in the derivation:

2700y = 7, + 70t

If we are the particle, then we should describe
using N-T coordinates. If we are the observer, then
we should use cylindrical polar (C-P).

Figure 5: Example 10

Example 10

A radar gun at O rotates with the angular ve-
locity of 0.1 rad/s and an angular acceleration
of 0.025 rad/s2 at the instant the angle is 45°.
It follows the car as it drives a circular road
with a radius of 200m. Determine and draw
the velocity and acceleration at this point.

Given
0 =0.1rad/s
= 0.025rad/s?
r = 200m
0 =45°C

Because this uses angles and angular units, we
should use C-P coordinates.

We are asked to find ¢ and d.

U, points away from the origin. Note that in
this case, looking at[5} the @r and g just coin-
cidentally happen to be in the same direction.
This isn’t always the case.

0 . . O
= (;2‘— 7«92) Ty + <r€ +z@ ig
= —24, + 5ligm/s?

When we do these problems, we must draw
the vectors to show that we understand. The
result is shown in

Figure 7: Example 11




Example 11

Rod OA is rotating counterclockwise with an
angular velocity of 2t 2 rad/s. Through me-
chanical means, collar B moves outward from
O along the rod at a speed of 4t 2 m/s. If 0
and r are initially zero, determine the velocity
and acceleration when the angle is 60°.

We are given

0 = 2t>rad/s
7 =4t2m/s
6o =0
ro =10
0 = 60°

= grad

Problems like this should be solved using C-P.
Use radians instead of degrees.
We are asked to find ¢’ and a.

17f =Tyl + Tféf’ﬁ,g
a= (’i“'f = ’I“fé?c) + (Tféf + 27'"f9.f) Ug

We derive or take integral of the givens:

4 0
P = §t3 —l—Zﬂ
0 = 2t>rad/s
7= 4t>m/s
6 = 4trad/s
7 =8tm/s

Now placing this into our equations for ¢ and

=

Evaluating these equations at ¢ty = 1.16s, we
get

¥ = 5.414, + 5.661y [m/s]
@ = —6da, + 38.950y [m/s?]

The drawing of the solution is shown in [0}

We will later learn about transforming the unit

a
4¢3
7 = 424, + = 2t24ig
4¢3 4¢3
i= (8t—?~ (2t2)2) i + (7 At 424828

Figure 8: Example 11 Solution

vectors. So far, we have not used the z component
for the C-P coordinates.

2/24: Using Different Coordinate Sys-
tems

The professor’s office hours is actually before class,
and he generally comes at 0745. He will update the
syllabus.

In last class, we talked about different ways to
describe motion. The N-T coordinate system is in
perspective with the particle,

(44)

U= ’U’lALT7
while C-P is from the perspective of an observer,

T = 7, + rfi,. (45)
Today, we will learn about using different coordinate
systems depending on what is best, and also how to
link them together.

To link the different coordinate systems together,
we use cartesian systems.

Figure 9: Example 12

Example 12

A fireworks shell is launched upward from
point A and reaches its apex at an altitude
of 275ft. Determine the quantities for when
the shell

r, 7, 7,0,0,0

is at an altitude of 175ft




We are given

H = 2751t
h =175t
L =350 ft
g = 32.2ft/s?

We will do a rectilinear description first. We
can integrate the acceleration to determine
the speed and height. We know that speed
at top most position is zero.

vdv = ads
= —gds
:>/vdv:/—gds
2
v
EZ*QSJFCH

v=+/—2¢gs+ Co
”|0 =V

:’UO

v =1+/—295+ vg
=0=1/—29H + v}

= vy = /29H
= v =1+/—2g9s+2gH
v(h) = \/—2gh + 29gH

:’Up

Now that we have a rectilinear description
of motion, we can convert it to other forms.
Since the tangent direction is up, and it is
going straight, we get and convert:

= 7, + 10

= (i — 70%)a, + (10 + 270)ig
If 8 goes to zero, the 1, is in the same direction
as i, but slowly decreases. Hence, it is cosine.

The same technique can be used to determine
the conversions for the other components:

Gy = (cos )i + (sin )
tig = (—sin)i + (cos 0)]
uUr = O% + 13.
We are using Cartesian coordinates (the right

hand side in the above equations), N-T co-
ordinates for the fireworks and C-P for our

question. Plugging the above equations into
that for ¥/, d for C-P:

U = VpJ

=—gJj

ST

= (¥ — r6?) |:(COS 0)i + (sin G)j]
o+ (10 + 276) [(— sin)i + (cos)j'q}

We have four equations (v;,v;,a;,a;) from
above, but 6 unknowns to find. However, we
can use basic trigonometry to get two more
equations:

r=+/h2+ L2

h
0 = arctan | —
arctan <L>

=7 [(cos 0)i + (sin 9)}} + 10 [(— sin)i

+ (cos 9)5}

We will not be asked questions like this on the
exam, since solving this will require something like

MATLAB.

Figure 10: Example 14

Example 14

The low flying aircraft is traveling at a con-
stant speed of 360kph in the holding pattern
with a radius of 3km. Determine the quanti-
ties for o

r,r,7,0,0,0

at the instant shown.

We are given:

1000
v = 360 x 3600 m/s
v=0
p = 3000m
X = 16000 m
Y = 12000 m

Even if we are tempted to, we should not al-

10



ter the 7,7 coordinate directions. Our main
equations are:

T = vy = i, + rOiy
q}2 9 o 9
Fo L — (r _ m?) A (ra ¥ 27‘«9) A
P

and in cartesian:

dr = —1i+ 0]

N =00 —1j

Gy = (cos )i + (sin )

tig = (—sin6)i + (cos6)]
Plugging it in separately:

—v =17cosf —résinb

Vg <

vj 0 = 7sinf 4 rf cos

a; 0= (# — r6?%) cos 0 — (rf + 270) sin 6
2 . .. .

a; L= (# — r0%) sin @ + (160 + 270) cos 0
p

and the two additional geometric equations:

r= VX (¥ 4 o

Y
0 = arctan ( - p>

The professor has not shared the MATLAB script
for solving system of equations, but will.

3/01: Relative Motion

Per the syllabus, we will be talking about relative
motion. We have an exam on Wednesday, a week
from today:

e Rectilinear motion
N-T
C-p
Pulleys

Potentially relative motion

There will be 3 questions in the exams. Rectilinear is
present in every of the problem in some sort of way.
We will most definitely have a pulley problem. There
will be a cylindrical polar problem, which may in-
clude using another system. Pulleys, C-P (with oth-
ers), relative motion, are going to be the three exam
questions. Generally, one of the problem is from the

example done in class. Another is from the home-
work. The third is something we have not seen, but
should be solvable. We should give numeric answers
in this, and the numbers are worth 10% here.

If we are going 80 mph as A along object B that
is 60 mph, object B appears to be going behind by
20 mph. The notation for the position is

TB/A (46)

which is read as ‘B with respect to A’.

Ty

DT v

Figure 11: Relative Position

In figure [T1}
’F'A-i-FB/A:FB (47)
17,44—773/,4:173 (48)
5A+6B/A:63 (49)

‘We will have to use Cartesians to convert coordinate
systems if it was, for example, N-T.

Example 14

Two boats leave the shore at the same time
and travel in the directions shown. If v A
and v B are 20 ft/s and 15 ft/s, respectively,
determine the velocity of boat A with respect
to boat B. How long after leaving the shore
will the boats be 800 ft apart?

Things we know:

va =201t/s
vp = 151t /s
a=30°
B = 45°
d =800 ft

11



and asked to find 74, and t;. ing along the straight road while also braking.
Determine the velocity and acceleration of car

Ta/p = Ua — UB B relative to car C.
?7,4 = UAﬁTA ””””””””””””””””””””””
e =wnirn Given
vp =15m/s
plugging this into N-T coordinates with 7, J: i“; - 3—020111/ s’
tira = (—sina)i + (cosa)j p=100m
tirp = (cos B)i + (sin )] ve = 30m/s
we get Vo = —vm/s’
) . . and asked to find ¥p/c and dp,c. Each
U4 =va [(— sina)i + (cos 3) } particle wants to be in N-T, but for

L & . 3 conversion, we need Cartesian. This
B =UB {(COS B)e + (sin f)g } problem will be on the exam. Our equations
T4/ = (—vasina — vp cos B)i + (vacosa — v din|  for relative motion are:
Ta/p = —20.617 + 6.71] [ft/s] Tp/c = U5 — U
= v, + vy [ft/s] dp/c = dp — dc

We take the integral:
In N-Ts, we have:

/17,4/3 dt =74 /B . .
UB = UBUTB

0 0 Go = v
= (ot + OFTi + (vyt + O57j ve = tetire )
— . ~ _B ~
and solve for the magnitude 6B = VBUTE + p UNB
0
ITa/B] = 1/ (v2t)? + (vyt)? = . o v
ac = vcurc + UNB
t =36.9s p

We convert these to Cartesians. We should
not change the rotation of the 7 and j coordi-
nates.

tirp = (sin 0)i(—cos 6)]
tinp = (cosf)i(sinf);]
drc = —j

Plugging the above coordinate system into the
N-T coordinates, we have:

Figure 12: Example 15 Up = vB _(sin 0)% + (—cos 9)3}

o = vo —JA}

] 2
dp = op |(sin@)i + (— cos 0)3} + % [(cos )i + (kin);
i p

Car B is traveling along the curved road while _
braking. At this same instant, Car C is travel- do = Ba [~ 3}

12



Plugging this in together and re-arranging:

Up/c = (vpsinf — 0)%4— (—vp cosf + vc)}
2

dp/c = (i;B sin @ + B cos@) 7+ <i}B cos 6 + -
p

Plugging in the values, we get

/o = 7.5i+75 [m/s]

dpjc = 0.951 — 0.145 [m/s?]
B -
//’/4
-
N = /f’ 12 km

A

Figure 13: Example 16

Example 16

AWACS is flying at a constant altitude of
12km and is increasing it’s speed at a rate
of 1.2 m/s each second. It has a radar lock
on aircraft B flying in the same direction at a
constant altitude of 18km at a constant speed
of 1500kph. If A has a speed of 1000kph at the
instant where 6 is 30°, determine the values for
7, and 0.

We are given

¥4 =1.2m/s?

H = 6000m
1000
=1
vp = 1500 x 3600 m/s
1000
A = 1000 X 3600m/s

and asked to find # and 6. The radar sees
in cylindrical polars. It does not detect the
absolute motion. It sees the relative motion
of B with respect to A. We can use Cartesian
to glue their coordinates together, but then
use C-P for the final answer. Equations of
relative motion are:

UB/A = UB — VA
ap/A = ap —aa

The tangent direction is to the right in N-T's,

13

for both. 4 does not matter.

VA = valUr
Up = vplr
0
I N
ap = VAUT + F~UN
D
ag =0

Technically, p is the curvature of the Earth
plus their altitude, but it is so large that we
can consider it infinite. dp is zero because it
is going at a constant rate. We now convert
N-T to 7 and j:
ar =1
'UB/A = ('UB — 7},4)%
and (_iB/A = —’[)A;,'
According to the radar, which is in C-P, has

its terms in radius and theta, which should
also be equal to the above:

’l_)'B/AZf"ﬁr-i-Taﬁg (’UB—

dnsa = (7 = 0%, + (r0+20) 2y = —0ai

and the conversion for the unit vectors are

G, = (cos 0)i + (sinf)j

tig = (—sinB)i + (cosh)j

and plugging them in to the N-T equations:
[(COS 0)i + (sin 9)3} e
+r0 [
(i — 16?) [(cos 6); + (sin 6) 3} .

+ (7"9 + 27"9) [(— sin )i + (cos 9)5} = —da1
Also, we can find r using the height and angle:
— =sinf

r

We will have to use MATLAB to solve this.

(—sinB)i + (cosh)] } = (v —va)l

We can use MATLAB for finding a solution by:

cle; % clear screen
clear; % clear memory
A= 1;

B = 2,



C =1,

D= 4;

syms x y % unevaluated terms

eqnl = A x x + B x y =1

eqn2 = C * x + D x y = 2

sol = solve ([eqnl, eqn2], [x, y]);
% To display :

X = double(sol.x)

Y = double(sol.y)

3/03: Newton’s Laws

Up until now, we have only talked about how to talk
about motion. In ENME Statics, we spend most the

Particles | Rigid Bodies
Kinematics | Exam 1
Kinetics Current

Table 3: Quadrants of our study

time dealing with the left hand side of the equation

> F=mi (50)

but in this class, we focused on the right hand side of
the equation. Dynamics problem wants to be solved
by N-T's, unless there is a good reason to use some-
thing else, particularly C-Ps.

List of steps for Newton’s Second Law problems:
Draw Free Body Diagram (FBD)
Draw mass-acceleration diagram (MAD)
Coordinate System (N-T, unless C-P)
S F =ma

System summary

A e A

Use extra information from: friction laws, spring
laws, kinematics (how it is moving) or geometry
(its current configuration).

7. Solve, celebrate, or iterate

We can NOT rotate the free bodies.

Example 20

Blocks A and B (of mass 10kg and 6kg, respec-
tively) are placed on the inclined plane and
“gently nudged” from rest to slide down the
hill. Determine the internal force in the link.
The coefficient of kinetic friction between the
blocks and the inclined plane are 0.1 and 0.3
for blocks A and B, repectively Neglect the
mass of the link.

14

™
Rw\ .
Y

Figure 14: Example 20, FBD for A

"3
Rw\Eﬂb;

Figure 15: Example 20, FBD for B

i

“\BO‘?T

Figure 16: Example 20, MAD for A



This is a Newton’s second law problem. We
need two FBDs because they are pinned. If
they were welded together, it would have been
1. Given:

my = 10kg
mp = 6kg
pa =0.1
ps =0

0 = 30°

Gravity is present. In Statics, we assumed
trusses to be in either pure tension or com-
pression. So long as there is no force on the
truss (including its mass), and it is pinned at
the ends, then it can be considered a two-force
member. Friction will always try to not make
us move at all in the first place. Secondly,
it works in the opposite direction of wherever
we are trying to go. This problem wants to
be solved in N-Ts. Write down the sum of the
forces.

T—Fa+magsint = maaar
Ng—magcosh = maaan
—T — Fg +mpgsinf = mpapr

Np —mpgcosf = mpapgn

System summary means to count the equa-
tions, and list the unknowns. In the above,
we have four equations, but nine unknowns.
When we go really fast, our friction decreases
because there has an air underneath it. It is
called lubrication theory. We know from fric-
tion law that:

Fa=prgNa
Fp = puxNp
Due to infinite curvature in the N-T coordi-
nate,
aAN = 0
apN — 0
p =00

We will pretend that the bar is rigid, though
the bar would compress and decompress in
real life. Since they are moving together,

QAT = apT

Now we have 9 equations, 9 unknowns. In an
exam, it would be sufficient to just have the
system of equations be our answers; we should
write down the units of all the variables we
are expecting. Also, box the variables and the
value we are expecting. Plugging the values in
MATLAB, we get:

T=—-637TN
Fy=849N
Fp =15.29N

aasr = 3.41m/s?
QAN = 0

apr = 3.41m/s*
apy =0

Ny =849N
Np =50.97N
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This methodology works anytime, and may be ap-
plicable in other classes as well. Also, we do not nec-
essarily have to do the trigonometry in the professor’s
way.

Figure 17: Example 21

37T

’\
Wra

\V m;&

Figure 18: Example 21 FBD A



Example 21

Masses A and B are of 10kg and Tkg, re-
spectively. Determine the accelerations of the
masses

We should deal with the ‘pulliness’ first (the
length being consistent)

L=3ssg+2sp_1+(...)
0=3aar + 2apr

Since we are ignoring the pulleys for this
semester, we can draw a FBD that bites into
the working cable. By biting into, we are
meaning that we are showing the forces on
something. Given:

my = 10kg
mp = Tkg
We can assume the cable tension to be the
same, because we assume mass of the pulleys
to be zero. Our tangent direction is down for
A, and the N is either left or right. Our equa-
tions are
mag — 3T = maaar
mpg — 2T = mpapT

and I have three unknowns, therefore the third
equation is

3aar + 2agr = 0.

Using MATLAB,

aAT = —0.19m/82
apr = 0.286 m /s>
T =333N

A ¥ 3mls

Figure 19: Example 22
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Figure 20: Example 22 FBD

r

Uy

!

ma,

Figure 21: Example 22 MAD

Example 22

If the 10kg ball has a velocity of 3 m/s when
it is in the position A along the vertical path,
determine the tension in the cord and the in-
crease in the speed of the ball at this position.

We are given

0 = 45°
v=3m/s
m = 10kg
L=2m

We will have to use N-Ts for this, and are
asked to find 7', and the rate of speed increase,
at this very instant. Although this is circular
motion, we use N-Ts because the motion is in
terms of the ball. When 6 — 0, all of gravity’s
force points in the tangent direction. There-
fore:

mg cosf = mar
T —mgsinf = may

and an extra equation

U2

a,N:—:
p

b«ll <




This lets the three unknowns be (|~~~
There is no friction because it smooth. We are
T =114N given
ar = 6.94m/s? m = 2kg
any = 4.5m/s? 3
6 = arctan —
4
Note that ar = . L =0.25m

If we spin this too fast, the spool will fly out,
while too slow will make it fall towards A.
There is no centripetal force, but rather, con-
tact force. We have our equations

Fsin = may

—mg + F cosf = map

but we have four equations: ap,ap, F,v,p.
We are asked to find velocity but that is not in
Figure 22: Example 23 our equations, but we should still include it in
the unknowns. We know that we have no fric-
tion. Note that ap is the acceleration in the
A binormal direction. We know that it doesn’t

Yr move up and down, and we have a equation
for the normal component of acceleration that
uses p:
ap — 0
02
aN — —
p
p = Lcosf
Figure 23: Example 23 Coordinates Plugging these in MATLAB, we can find the
solution.
™4
3/10: More force problems
The HW will be due on Wednesday.
In example 24, the sign convention according to
e the cylindrical polar is outside. Since friction acts

in opposite direction, friction is negative. Since the
object in this problem does not slide, the change in z
is zero. There will be an acceleration inwards.

Figure 24: Example 23 FBD »
2 10m

el

The 2kg spool S fits loosely on the smooth
inclined rod. Determine the constant speed Figure 25: Example 26
the spool must have such that it will not move.
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Example 26

The man has a mass of 80kg and sits 3m from
the center of the rotating platform. Due to
rotation his speed is increased by 0.4m/s2 .
If the coefficient of static friction between his
clothes and the platform is 0.3, determine the
time required to cause him to slip.

We are looking for ¢t. The information we are
given is in cylindrical polars, so we will use
C-P coordinates. Unless there is something
very definitely C-P, we should use N-Ts. Our
knowns are

¥ =ar = 0.4m/s?
ws = 0.3
L=3m

The person would keep spinning until the fric-
tion can no longer can keep him there. At the
instant of flying off, they will fly off in the up
direction. Gravity is guaranteed acting down,
but all the other forces (asides normal force)
are acting in other directions. Therefore, we
have to use a top view.

There has to be a friction that allows them
to rotate, but also not fly off. Therefore, the
friction force has to be partly in the tangent
direction, and inward.

If we were going contact speed, v would be
zero, and the friction would only be towards

the center.
B : F cosa = mar
T: Fsina = may
A N—-—mg=0

We are concerned about the top view, so we
do not even need to consider the z axis. We
also know that

aT:i)
F=pusN
2
aN:U—f
L
vf:inff

If we can not solve the equation due to alge-
braic complexity (but we have our equations
right), then we can just write the units of each
of the missing variables and get most of the
points. The a can be radians or degrees.

Figure 26: Example 26 Directions

~
Y

Figure 28: Example 25

Example 25

There is no mass in this problem. We are

given:
m = 0.5kg
6 = 0.5t>m
r=0.50m
= 0.25t°m
ty =2s

The cylinder has to be in contact with only
side of the forked rod because it has to be able
to slide. Draw the MAD and FBD diagrams.
We don’t know the angle that the slot makes
with the unit coordinates. Our two equations
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are:

T —N;cosd = ma,
0 Ngsing + N = may

and additionally, we can write

ar =Tp— rféj%

ag = rféf + 27'“féf
ry = 0.25t%

ir = 0.5t

ir = 0.5

6 = 0.5t

0=t

=1

The last equation needed to solve the problem
is .
U= 7yl + ’Ff@fﬂg

which is in the same direction (left) as the
reference line in the FBD in

FBD
VY Ne,
) Yo
¥ %@4

MAD
[ ~
> W
rose Ug
Figure 29: Example 25 MAD and FBD

There is no quiz on Monday. Exams should be
graded in a week.

3/15: Work Energy Conservations

Today we will learn about what is learned in the
beginning of a vibrations course. We will learn the
work-energy method. This week will be easy for us.

The first law of energy cannot be created or de-
stroyed. The energy is transferred. Drawing a dotted
line in a figure, a control volume, the energy in it will
be conserved.

Everything on the right-hand side of equation [5]]
is those that can be regained (kinetic, potential). In
a garage door, the spring has potential energy (this
is denoted by AFE;, where s could stand for spring,
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or strain).

W =AFkg + AEp + AE; (51)

Mathematically, work is defined by an integral of dot
product, but many cases, we can simplify it as

W:/ﬁ.df:Fld (52)
The work done by friction is negative, because the
dot product term yields a negative. The negative
can be interpreted as leaving the system. Friction is

lazy, contrarian, and sucks energy out of the system.
Referring to the force from gravity and normal

P wq

¢H—_—J
\ L

Figure 30: Example forces

force has no work done because it is perpendicular to
direction of travel.

A spring has a constant k, and a free length when
no applied force present. When a force Fj is applied,
the spring compresses/expands by s. F, and s are
linearly independent only while it is in the liner elastic
region. In our class, we will consider a positive Fy to
be stretching. We will use

Fy=ks (53)
In our class
§=1Ls— Ljree (54)
The equations for the other forms of energy are
AFg = %m (UJ% —vg) (55)
AE, = mgAy (56)
AE, = 11<;(s§ — 52) (57)

This is same as Thermodynamic’s Q — W = AU, but
@ = 0, and we do not always assume that energy is
leaving the system.

Newton’s Second Law is used at a single instant.
Work-energy is used over a displacement.

The end point of these example problems will be
the start of our vibrations course.



S00N

Figure 31: Example 27

Example 27

The spring is placed between the wall and the
10kg mass. If the block is subjected to a force
of 500N, determine its velocity when it has
moved 0.2m. The coefficient of kinetic friction
is 0.1.

We are given

m = 10kg

K =500N/m
P =500N
L=02m

pe =0.1

and asked to find vy. Our equation for energy
is:

0
W = AEx + AE;+ AE,

W:g-L—FL

The work done is obtained by the components
of the applied force and friction. Since the
spring is attached to a wall, it implies that
initial velocity is none. From an energy point
of view, sy is positive, but from force point
of view, it will be sy = —L. Combining the
equations:

AP 1, 1,

FZ/L]CN
N—mg—P(g) :mg,ﬁ'o

The ay = 0 because radius of curvature is in-
finite. Solving the three equations above will
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yield F, v¢, IV, but note that mathematically
vy will be & because we will take the square
root to solve it. In this case, we know that it
will be positive since it is moving to the right.

it.

The take home quiz that we will have a spring in

Figure 32: Example 28

Example 28

The coefficient of kinetic friction between the
initially stationary 100kg crate and the hill is
0.25. Determine the max compression of the
spring.

This problem is work energy because of the
large displacement. We are given

m = 100kg

wr = 0.25
L=10m
vo =0m/s
0 = 45°

and are asked two find x. We will assume
that the spring is max compressed, therefore
the final velocity is zero:

W = ABg¥ ABp + ABs
W =—-F(L+x)
AEp = —mg(L + x)sin 6

1 2
ABs = 3k 52— 5

Because we are going down, potential energy
is negative. Since there is friction, work done
is also negative. Since sy = —, plugging the




equations in we get
1
—F(L+z)=—mg(L+ z)sinf — 51@:102
F = ,U,kN
N —mgcosf = m/a/N"O

the a,, term is zero because p — co.

<>

Figure 33: Example 28 FBD

In a sophomore dynamics class, we don’t have to
worry about the mass of the spring. In later courses
we will.

41t

|‘— b<_\mmmm‘“© *
/o

F=101Ib

Figure 34: Example 29

Example 29

The 51b collar is pulled by a cord that passes
around a small peg at C. If the cord is sub-
jected to a constant force of 10lb and the collar
is at rest at A, determine its speed when it
reaches B. Neglect friction and the weight of
the cord.
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We are given

5
m = %slug
F=101b
L =4ft
H =31t
va = vg = 0ft/s

and asked to find vp = vy. There is no fric-
tion, there are tension. Also, note that mass
unit in imperial is slug. There is no change in
height, nor a spring, so the equations are:

0 0
W = AEx + AE;+ AE;
W = FA
1

A=vVH*+12-H

Cable AC starts as 5 feet, and BC is 3 feet.
Since the total cable length has to be constant,
the A = 2ft. Plugging these together:

1
FA = vafc
The velocity final will be mathematically posi-

tive and negative, but we have to choose which
sign it will be.

3/17: More Work Problems

In this class, ‘smooth’ means frictionless.

Example 30

The vertical guide is smooth and the 5kg collar
is released from rest at A. Determine the speed
of the collar when it is at position C. The
spring has an unstretched length of 300mm.

There is kinetic, potential, and spring energy
here, but there is no work done. Potential
energy is negative because final height is lower




than the initial.

0
W= AEx + AEp + AEg

0
AEgk = §m(vj2c —yg‘)
AEp = —mgH
1
AEg = ik(s? — s2)

The original length s = L — Ly;.c., while the
final is sy = VH? + L? — Lf,ce. We should
place the final equation in one line:

1
0=-=

1
Smwf—mgmtok((VH? + L2=Lyree)* (L~

If you get an imaginary number when doing
the math, that implies that either the math
was done wrong, or the particular action does
not ever happen.

0.4 m

TT03m

T 0.15m

Figure 35: Example 31

Example 31

The 10kg sphere C is released from rest when
q=0° and the tension in the spring is 100N.
Determine the speed of the sphere at the in-
stant q=90°. Neglect the mass of the rod and
the size of the sphere (at least for the next few
weeks...)

L
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L

We will assume that the spring will not hit the
hinge. Given:

H=04m
Ly =0.3m
Ly =0.15m
m = 10kg
k =500N/m
Ty = 100N

We are given the initial tension. We know
this is a work displacement problem because
it has a large displacement. There is no net
work done. The other forms of energy changes
are present:

0
W= AEx + AEp + AEg

0
1
AEg = §m(vj2c —}/54)
AEp = —mg(L; + Lo)
1
AEg = Ek(s? — s2)

We can use the initial tension in the spring to
determine sg, and also L fy.ce:

T
To = ksg — —OZSOZLQ

- — Liree
The final combined equation is
L 5
0= 5MUf = mg(Ly + La) - - -
To 7]

K K

2
1
+§k<[H+L1—(\/H2+L%— )] —(
Example 32

The 2kg pendulum bob is released from rest
when it is at A. Determine the speed of the
mass and the tension in the cable when the
mass passes it’s lowest point at B

We are given

m = 2kg
L=15m

and are asked to find the v; and tension in the
cable. Here, there are two different dynamic




problems: swinging which is a work energy
problem, and Newton’s Second Law. For the
second state, tension does no work because
it is perpendicular in B, therefore we have to
use Newton’s Laws. Part A: The work done
equation is:

0 0
W= AEy + AE, + AE]

0
%m(v? —ygﬂ)

—mgL

AE; =
AE, =

Tension is always perpendicular to the path,
so it does no work. Although our current
examples have 0s for many of the terms, we
should not assume them to be at all times.
The equation has only one unknown that al-
lows us to solve for vy = 5.43m/s:

0= %mv? —mgL
Part B: For the tension, however, we need to
use a free body diagram. We do not have to
draw FBDs for work problems because it is
scalar, but this is not. Figure shows the
FBD and MAD. The equations in this are

T —mg =mapn
2
_ Y

an 7

At the vertical position, there is no horizontal
acceleration at that very instant.

moa

Figure 36: Example 32 FBD and MAD
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Figure 37: Example 33

Example 33

A smooth collar of given mass (m) is pin con-
nected to a spring of given stiffness (k) with
a known free length (L free ). The mass is
initially held at point B then released from
rest. The plane is vertical.

1. Obtain a single equation usable to de-
termine the speed of the collar at point
A.

2. Obtain a closed set of equations usable
to determine the force of the track on the
collar immediately to the right of point
A (on the quarter circular segment).

3. Obtain a closed set of equations usable
to determine the force of the track on the
collar immediately to the left of point A
(on the straight segment).

The difference between part 2 and 3 is that in
part 2, the radius of curvature is R, while in
part 3 it is infinite. For part 1, we will use
work energy. While for the other two, we will
use Newton’s Second Law.

We are given m, R, H, K, L ... The work en-
ergy equation is

0
W= AEy, + AE, + AE,

1
AEk = im(v% —vd)
AEp =mgR

1
AFEg = 5]{7(8? — 52)

Note that we are keeping the vy term because
the professor wants to illustrate what happens
to the term. We can find sg using Pythagoras




Theorem:

So = (R—H)2+R2_Lfree

SIS H _Lfree

note that sy can be negative. The final equa-
tion is
1

0= im(vfc—vg)—ng...

b ok [(H Ly~ (VR- P+ )|

to get vy. For part 2 and 3, assume tension.
If it is compressed, the math will just say neg-
ative. Figure 3§ shows the FBD and MAD for
part 2.

0 = mar
mg+ Fs — N =man
FSZk‘Sf

The unknowns of the equation are
ar,an,Fs, N, but ar is 0 by default at
that very instant. The difference between
part 2 and 3 is that in 2,

2
aN = vl
R

while in part 3:
anN = 0

Figure 38: Example 33 Diagrams for 1
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Figure 39: Professor’s Example

In the self example problem by the professor:

W = AEx + ABFL AEs

W:/F-dx

=Fz
1 0
AEk = §m(v)2c —ygl)
1 0
AFEg = gk(s? 729'({)
= Fz = %mv? + %kmz

We can remove vy since it is . Also, we can take the
derivative on both sides:

Fi = ma + kxi (58)
=0=(mi+ke—F)x (59)
F =mi + kx (60)

The last equation is the second order equation of
motion for vibrations.

Homework will be due the Wednesday after spring
break. The Monday after spring break we will have
a quiz on Newton’s Second Law. Additionally, we
should not add or subtract from the population.

3/29: Linear Impulse for Particles

Our second exam is next week Friday. If there is a
spring, it doesn’t necessarily mean work-energy meth-
ods. We are learning linear impulse because of short
duration effects. Newton’s Second Law, Work En-
ergy, and Impulse momentum will be on the exam.
If work energy is integration with space, impulse



is with respect to time.

SF =ma (61)
to
ma = m17|7;2 (62)
ty !
to .
= mu; + / YFdt = mvy (63)
ty

The integral in the final equation above is the im-
pulse. Integrating force with time gives force times
time, but with space gives us energy.

Graphically, impulse is the area under a force time
graph. We could determine the average force by di-
viding the impulse with the change in time.

There are sensors on a car that eject the airbags.
For any pedestrian hit by the front during the impact,
they are hit by a huge force in a short period of time
when their head hits the engine.

For a particle with multiple forces affecting on it,
integrate each force with time, and then sum it up,
to get the sum impulse and change in velocity vector.
We will have to use Cartesian for this.

We can add forces up and then take the impulse
when using Cartesian.

F (kN)

oo

6 kN

t(s)

2 6

Figure 40: Example 34

The wheels of the 1.5Mg car generate the trac-
tion force F described by the graph. If the car
starts from rest, determine its speed after 6
seconds.
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We are given

m = 1500 kg
vo = 0m/s
ty =6s

to =0s

and asked to find vy. We integrate the z and
Yy components:

b5
0+/ Fdt = muy
0

ty
0+/ (N —mg)dt=0
0

The latter yields zero.
yields

The x component

1 [t 1
= — th = — . '2 . N
vy m/o T500%s (0.5-2s-6000N +

=20m/s

45 - 6000N)

Figure 41: Example 34 IMD

When driving a car, it is the friction on the tires
that actually drive us. If we do not know what com-
ponent (e.g. x or y) to have on our equation, just
write all.

Figure 42: Example 35



Example 35 has a very small effect. In the previous example, for

The baseball is traveling with a horizontal ve-
locity of 85mph just before impact with the
bat. Just after the impact, the velocity of the
5.125 oz ball is 130mph directed at 35° from
horizontal as shown. Determine the x and y
components of the average force exerted by
the bat on the ball during the 0.005s impact.

We have to convert the units to smaller units:

5280

Vo = 85 - m ft/S
5280
vy =130 - mft/s
5.125 1
= ETEE 32ﬁslugs
0 = 35°
At =0.005s

We are asked to find the x and y forces. We
cannot use work energy in an impulse prob-
lem. We will have to draw an impulse momen-
tum diagram (IMD). Using it, our equations
are:

At
—mug + F, dt = mvy cos 0
0
At

mgdt = muysin 6

At

0+ [ F,dt—

0 0

We can replace the integral with the average
force multiplied with the time. So our x and
y equations now become:

—mug + FyAt = muy cos

F,At — mgAt = mvy sin 0

and solving for this yields

7, = 217.61b
F, = 588.81b

Figure 43: Example 35 IMD

During impact, we can ignore gravity because it
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example, the sum force is over 600 pounds.

It is not just the angle that affects a pool ball,
but also the ‘spin’, which is caused by more friction
on one side. However, for our case, we will ignore the
friction force because we will not have the information
to solve it.

So, the two things that we are ignoring are:

1. gravity
2. friction

There is generally a class on higher level electives,
or in the masters level, where we finally get to see
things like friction and gravity are used.

3/31: Elastic Inelastic Collisions

We will have in person quiz on Monday. Since the

HW was not released, it will be due later.
Impulse-momentum is integrating force with time.

It is useful for solving impact or explosive problems.

Figure 44: Example 37

Example 37

If the 150lb man fires the 0.21b bullet with
a horizontal muzzle velocity of 3000ft/s while
standing on a 6001b cart, determine the veloc-
ity of the cart just after firing. What is the
velocity of the cart after the bullet becomes
embedded in the target?

We will assume that the person does not slide.
This problem is just like if someone shot some-
thing while on roller skates. We have to con-
vert pounds to slugs for mass.

Mg — 150 + 600 slug
32.2
mp = 0.2 slug
32.2
v = 3000 ft/s

There is no force equation for this, so we
use impulse-momentum diagram. We need to
draw two IMDs, one for the bullet, and one
for the cart-man system. The shot takes re-




ally little time; the effect of gravity is very tudes of VA and VB if the cars collide and
little/negligible. We get two equations: stick together while moving with a common
At speed of 50kph in the direction shown.
0— Ndt = mavar V|
0 We are given
At
0+ Ndt = mpvpr ma = 2000 kg
0 mg = 1500 ke
We can use Newton’s third law (notice that 1000
the integrals are equal). This way, we end up vf =950- 3600 m/s
with one equation, and two unknowns: o = 45°
0 =mavar + mpUBF 0 =30°
We can soon realize that we are given the ve- Realistically the metal would absorb the im-
locity of the bullet with respect to the person, pact energy. More car crashes don’t stick to-
which gives us another equation: gether. We treat this as an impulse momen-
tum problem using two IMD diagrams. We
UB/A = UBF — VAF are asked to find v 49, vgo.
We are recommended to not add masses like
solving the two equations yields we were taught in our Physics class, because
if the masses stick to each other, the equation
var = —0.81ft/s will do it automatically, otherwise equation
vpr = 2999.2 ft /s would not. Our equations for A are:
At
mAvAcosa—/ F,dt = mavpsinf
{ﬁd’« MJI& 0
» At
1 + = mA'uAsina—/ F,dt = mavp cosf
0
at
J it AT and for B are:

At
—mpug + / F,dt = mpvpsinf
0
At
Figure 45: Example 37 IMD 0+ / F, dt = mpvp cos 6
0

We use Newton’s third law (add the as and
the ys) to remove two equations, but remove
3 unknowns:

, M AVA COSQ — MBURB = MAVR Sinf + mpup sin 0

mav4SIn e = mpvp cos + mpup cos 6

solving yields

va =29.77m/s
Figure 46: Example 38 vp = 11.86m/s

Realistically in car crashes, we do not have vy,
but we have length of the skid marks, which can be
Two cars A and B have a mass of 2Mg and used to predict the final speed.

1.5Mg, respectively. Determine the magni- The other extreme of the impulse-momentum is
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Figure 47: Example 38 IMD

Y
A: @,@

elastic impact, where no energy is lost. Impacts can
be inelastic and things can stick together, max energy
is lost. Elastic is like flubber. Realistically, most
impacts are in between.

In elastic collisions, the objects hit, deform, and
then undeform as it flies away. In many materials,
loading and unloading loses energy, even for elastic
materials.

There is a plane of impact which is perpendicular
to the surfaces that the objects hit. Parallel to this
would be friction, but we are not considering friction
(even though it has a major effect). We are also ig-
noring gravity.

” \‘N g_“lm beore
Ao during
pla
A 1 4
G O—>  ofder
Var

Vi

Figure 48: Elastic Collision Velocities Example

There is an extreme case of elastic impact where
the velocities of @8] switch. But realistically it does
not happen because even elastic materials absorb
some energy. The equation for impact is

MAVA0 + MBVB) = MAVAF + MBUBF (64)

The coefficient of friction sets the upper limit of
friction force. Friction force keeps increasing to keep
an object stationary, Fy = pusIN. Then it switches to
kinetic friction coefficient.

The coefficient of restitution, e, is just like that.
It is given by

VBF — U
e= 2" "AF Gheree € [0, 1]

65
VA0 — VUBo ( )

or in other words, it is the ‘after’ over ‘before’, but
‘switch the order’. The above equation should only
involve the velocity that is perpendicular to the plane
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of impact. Only if e = 1 will the velocities in the
beginning and final be the same, that the relative
velocities would be the same (only roles switched)
(upper bound of no kinetic energy lost). e = 0 is the
extreme inelastic case (all energy is lost).

Really professional pool balls have e =~ 0.85.
Bumpers are meant to absorb energy, hence it is lower
e ~ 0.5. Human head is e ~ 0.3. A helmet has
e =~ 0.5, but it absorbs the energy first before our
head. e can never be negative. In spring mass sys-
tems, a critically damped system is where e = 0.

e is independent of the masses, just like the coef-
ficient of friction. The velocity parallel to the impact
plane does not change.

4 c

6 ft

B
D mhE

Figure 49: Example 39

Example 39

The 15lb suitcase A is released from rest at
C. After is slides down the smooth ramp, it
strikes the 10lb suitcase B which is originally
at rest. The coefficient of restitution between
the suitcases is 0.3 and coefficient of kinetic
friction between the floor and each suitcase is
0.4. Determine the velocity of A before im-
pact, the velocity of B after impact, and the
distance B slides before coming to rest.

Since it is smooth, friction is negligible for
the ramp. This problem has sub-problems.
Work energy because of displacement of A
speeding down. The impact is impulse-
momentum. And later, distance traveled by
B is work-energy problem. We are asked to
find va1,vpe,d. Our equation for (a) (refer to

table:
0 0
W= AE), + AE, + AET
0

1

0= 5ma(vh —3%0) + mag(—H)

which we can use to solve vq; = ft/s. Looking




at figure [50 we have

At

MAVAL — Ndt = mavas

0
At

0+ N dt = mpvups

0
= MAVAL = MAV2 + MBUB2

The last equation has two unknowns, but the
coefficient of restitution gives us the addi-
tional information:

_ Up2 — VA2

VA1 — UB1

which can be used to find vps in ft/s. For the
final, we use work-energy:

0 0
W = AEy, + AB+ AES
W =—-FL

0
1
ABx = Smp (v, - vho)
1
= —FL= —§va,232Where :
F = /LkN
N =mpyg

which gives us the length in ft.

a) [ 0| WE |1
by 1] 1M |2
c) | 2| WE |3

Table 4: Problem States for Example 39

fd;\ld‘-’ N
At E "_D \'\"h(_E
mk\/h\
at
e
e [ L <E1

P
Figure 50: Example 39 IMD

3/05: Rigid Bodies Introduction

We are ignoring mass (gravitational force) since it is
negligible, while we are ignoring friction because it

is convenient. Neglecting friction, such as rock skip-
ping, provides the notion that things will not slow
down, even though it does. On the exam, there will
be no angled impulse.

For exam 2, major concepts are:

1. Newton’s Second Law, in N-T and C-P coordi-
nates. They will be in-plane and out-of-plane
(where something revolves in a circle in top
view)

2. Work energy, including springs

3. Impulse momentum, including coefficient of
restitution

Use Newton’s Second Law (N2L) when we are
looking at a single instant. We use Impulse Momen-
tum when the time span is very small. The problems
that we will have are:

1. Work Energy combined with Impulse Momen-
tum,

2. Work Energy combined with N2L (in-plane),
3. and N2L out-of-plane.

Only one of them will be one numeric, in which the
algebra is easy. In the other problems, we have to
make a closed set of equations, and write what the
units of the final answers will be. One of the problem
is from the example problem in class, another is from
the homework, and another is something that is from
neither.

For 3-D problems, we will obviously be drawing
2D. We use N-Ts for N2L when we are looking at per-
spective of the particle, and we are not given things
like 7 and 6.

We are entering 3rd quadrant in the class.

Particles | Rigid Bodies
Kinematics | Exam 1 Exam 3
Kinetics Exam 2 Exam 4

Table 5: Table of Course Topic we are in

A body that is purely translating is like a particle.
Rigid bodies have translation and rotation. Rotation
can be considered as rotating about a point on the
body. The velocities are also on points on the body.
We can combine the rotation and translation as ve-
locity vectors going different directions on different
paths of the particle (see figure 51). We will only do
2D rigid bodies.

Points do not have angular velocities. Each body
has an angular velocity, the whole object has the same
angular velocity. The distance vector between A and
Bisnoted as 7'/ 4. If angular velocity is zero, velocity
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Figure 51: Rigid Body Velocity Vectors

of B and A are the same; otherwise they are different.
Since we are having 2 dimensional rigid body dynamic
problems, our angular velocity will always be
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The physical quantities of ¥,7,w are related by
the cross product:

17B/AETBXFB/A (68)

Using relative motion, the velocity bridge equation is
Up = UA + & X 7'g/a (69)

According to the equation, the velocity at two points
can only differ if there is & and 7. For the acceleration
vector, it is

d7,
Tp=G+a X Fpa+@ X (ft/“ (70)
=d+d X s —wTp/a (71)

The terms in the above equation are translation, tan-
gential acceleration, and normal acceleration. To-
gether, it is the acceleration bridge equation. Exam

3 will be equations [71] and
The steps to solve rigid body problems are:

1. Bridge all the way from one support to the
other. In professor’s words, bridge across whole
structure, and stop at shared points.

2. Define all vectors that appear in the bridge.
3. Substitute and cross product party.

We will be using Cartesian, since it is relative motion.
If we do not know the direction of vector before doing
the math, draw the vector in the positive direction.
If math comes negative, that means it is in opposite
direction.

Example 44

If roller A moves to the right with a constant
velocity of 3m/s, determine the angular veloc-
ity of the link and the velocity of roller B at
the instant where the angle from horizontal is
30 degrees.

We are given

vg =3m/s
0 =30°
L=15m

and asked to find w, ¥g. Our method is called
bridge building. The direction (A to B, or B
to A) does not matter.

—

B = UA+& X Tp/a

We need to write down expressions for all of
those four terms above:

TA = val
Up = vpj
& = wk
7p/a = (—=Lcosf)i+ (Lsinf);j

For 7', 4, we are going A to B, so we are going
right to left.

vBj = val + wk X [(—Lcos 0)i + (Lsin6)j
— vai +w(~LcosB)j +w(Lsinb) - —i

We can split the equations into their compo-
nent/scalar form:

0=wvy —wLsinf

va = —wlL cosf

o oS

We have two unknowns w,vg, and two equa-
tions.

For cross products, we don’t have to do the de-
terminant of a 3D vector in this class every time. We
will treat it as multiplication.

Multiplying two above terms left to right is positive.
Opposite is negative. As an example, 7 x J = k, and
Ixi=—k

When we talk about acceleration, we will have
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vy =3m/s

Figure 52: Example 44

4 equations and 4 unknowns. We will name points

using numbers, rather than letters.

Figure 53: Example 45

Example 45

If crank OA rotates with an angular velocity
of 12 rad/s, determine the velocity of piston

We are given

wy = 12rad/s
L; =0.3m
Ly =0.6m

0 = 30°

and are asked to find vg. We are assuming
that the body goes clockwise. The point O
cannot move, so its velocity is zero.

We will do all the bridges first, and then the

cross products. Our terms are:

Up = vBJ
(251 = wlk
CUQ = CU2]€
Tajo = L1j

7B/a = (L2 cos 0)i 4+ (—Lysin )
Now the cross products:
vpj = wik x L1] + wak X |(Lgcos8)i + (— L sin|
vp] = w1 L1(—1t) 4+ wa(Lg cos )] + w2(—Lgsin 6)
Splitting the equations to scalar, we have:

0= —wiLi +wslosinb

1
7 v = wolsg cosf

and solving, we get wy = 12rad/s and vp =
6.24m/s.

This will be not on the exam.

4/12: Rigid Body Examples

The exams have not been graded yet. There are only
two main equations for rigid bodies: the velocity and
acceleration bridge.

Figure 54: Example 46
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If link CD has an angular velocity of 6 rad/s
determine the angular velocities of links AB
and BC. Determine the velocity of point E.




We are given:

w1 = 6rad/s
0 = 30°
L; =06m
L2 =0.6m
Ly
L =
® 7 sin6

We want to describe an internal point E. We
are going to go from one structure to another.
This should take us 3 steps. The order that
we do this doesn’t matter. Our equation for
points CD is:

0
To = P6+ @ % Tc/D
T = Vic + W2 X /c
=1 X To/p + W2 X Tg/c
0
M: UB + W3 X TA/B
= X FC/D + @y X 'FB/C + @3 X FA/B
Velocity at D is zero because it is a stationary
point. Points have linear velocities. All of

our @ vectors points in the k direction. The
directional vectors depend on where they are

going:
Fo/p = L1j
7g/0 = —Laj
7a/p = (—L3cos)i + (—Lssin0)j
Combining all these equations, we get:
0=wk x L.j + wok X (—Lg)% .
+ w3k X [(—Lg cos 8)i + (—Ls sin 6)]]
= —w1 L1t — walaj — w3Ls cos 9}' + w3 Ls sin 0i
Which can be broken down to the equations:
7 0= —wyLy +wsLssinf
5’ : 0= —wo Ly — ws3L3cosf

which have the units of radians per second.
To find the velocity at E, we should bridge to
E:

g = Uc + W2 X Pg/c

= W1 X To/p + W2 X Tg/c

o ~ ~ Lo~
:wlkXLlj—UJQkX?Qi

a Lo~
= —wlLli — OJQ72].
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The next exam will be repetitive use of the above
equations.

Rolling is weird. Friction is needed to roll. Gener-
ally, actual friction is not at its maximum for rolling.
Friction is what allows a car to move towards the
direction of travel.

F < pgN (uncertain) (72)

Figure 55: Rolling Ball

In a bowling alley, the lanes are very oiled, hence
the balls slide. But when we hear rumbling, it’s
rolling. Rolling implies no sliding.

In figure 55, C is the contact point on the wheel
as it touches the ground. B is the contact part on
ground touching the wheel. At any given time, they
are aligned. Velocity of C matches velocity B. For
the fraction of a second, that velocity is zero (if the
ground isn’t moving). The acceleration, however, is
not zero.

If it is rolling and not sliding, velocity of C
matches velocity B.

In tires, there’s no single contact. There’s a patch
of area that makes contact with the road. The ground
also deforms down, so a rolling object is constantly
rolling uphill in a way. The force from ground to the
rolling object is slightly greater in front of the object
than behind.

Figure 56: Example 47

At the instant shown, the truck travels to the
right at 3m/s while the pipe rolls counter-
clockwise at 8 rad/s without slipping at B.

Determine the velocity of the pipe’s center G.

vp =3m/s
R=15m
w = 8rad/s

and asked to find ¥ (the center of the rolling
object). Since this is rolling:

Uc = UB
:'UB%
g = Uo +d X FG/C
el Z’UB%—I—UJIAC X Rj
= (vp —wR)i

If the object was rolling on the ground, vg =
0.

Radians are dimensionless. Multiplying this with
something else that has dimensions will result in that
dimension.

hawea
D¢
C
Y =4rad/s
Al { B
0.15m
E

Figure 57: Example 48

Example 48

At the instant shown, the disk is rotating at
an angular velocity of 4 rad/s. Determine the
velocities of points A, B, and C

We are asked to find ¥4,Up,Uc. A yo-yo
would climb up when it reaches the ground.
We are assuming that the rope cannot stretch.
The velocity of the contact point that touches
the vertical segment of the rope is zero. There-
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fore 74 = 0. We are given .
= We are given

f=015m w = —6rad/s
w = —4rad/s )
. a = —3rad/s
W=k R=02m
Solving for point, B, we get:: L=08m
0 = 30°

— 0 —
:M+5XTB/A

R . A A double cross product is just a square. We
= —wk x 2Ri have to make vector bridge equations. Be-
_ : cause these are vectors, we have two scalar
= —2wRj . . 4 AL .
_ equations in the ¢ and j direction. If the track
=|-1.2m/sy was curved, we would also have to deal with

p. The bridge equations give us two equa-
tions, but we can have more unknowns than
that. The track has a motion in N-Ts, and

For C, we can bridge with A:

0 .
T = A T we can convert them to cartesian. The scalar
¢ MA A.C/A . answer would be sufficient because we defined
= —wk x [Ri + Ryj] the vectors already.
= —wRj +wRj
R - General steps taken:
=10.67 — 0.65 [m/s]
1. For linkages that are named with letters, re-
name them with numbers.
4/14: More Problems and Rolling 2. Convert direction vectors to be in the same di-

rection (e.g. make all of them counterclock-
There are three boundaries. Two of them are pins, wise).
and tracks. The tracks can be curved or uncurved.

. 3. Write the knowns and any conversions
When doing these problems, we have to make sure

to either use clock wise, or counterclockwise with neg-
ative value (this is assuming that something is rotat-
ing clockwise already.)

0.8m

f
02m

«jm = 6rad/s

«=3rad/s

Figure 58: Example 49

At the instant shown, wheel A rotates with
an angular velocity of 6 rad/s and an angular
acceleration of 3 rad/s 2 as shown. Determine
the acceleration of piston C.
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4. Write the bridge equations (and combine them)

5. Define each of the variables in the bridge equa-

tions

6. Cross product party

7. Obtain the scalar equations (generally 4)

8. Solve

Ua

0.6m

Figure 59:

Example 50



Example 50

Determine the angular acceleration of link AB
if link CD has the angular velocity and angu-
lar acceleration shown

We are given:

L; =0.3m

Ly =0.6m
L3=09m

wg = 2rad/s
as = —4rad/s?

The bridge equations:

0
- - — - 2 -
ap :M(Jr 01 XTp/A —WiTB/A
= = = = D=
ac = ap + Qg X ro/p —WaTc/B

= = D = = D=
= Q1 XTB/A —(JJ17’B/A+OZQ X Trc/B — WaTc/H

%(g dc + a3 X Tpjc — wiFp/c

= @1 X Tp/a — WiTh/A

<+ dy X To/p — wSFC/B

-+ +d3 X Fp/o — wiTp/c
Note that the pins at the base do not have lin-
ear motions. There is a template between the

acceleration bridges and the velocity bridge,
where

0)

2

& Qg

%
_)
%

o &

Therefore, we get the bridge for the velocity
to be:

0= X7g/a+Wo XTo/p+ W3 X Tp/c

All of our &;, @; have the form wi/;, ozlfc respec-
tively. The displacement vectors are:

Fp/a = L1j

7oyp = Lai + Laj

Fpjc = —Lsj

We combine the above definitions into the
bridge equations. We will get four scalar equa-

tions. The four equations are obtained by be-
raking down the vector equations into scalars.
ai 0=—oL; —asl2 —wily + asls
a}' 0= —w%Ll — a2 — w%Lg + w§L3
vi 0= —wi1Lq — woly + w3l
v}' 0=wsLls

The ws = 0 because the top left part does not
rotate. The answers are

we = Orad/s
wy = 6rad/s
ap =7
g =7

Figure 60: Example 51

Example 51

If the velocity of point A is 3m/s to the right
and is constant for an interval including the
position shown, determine the acceleration of
point B and the angular acceleration of the
bar.

R=Rsinf+y=y =R— Rsinf

¢ = arcsin (%)

We will do a bit of rolling theory now. This is
rolling is weird 2.0. When we have a velocity problem,
the velocity at the contact points are the same. If
something is moving on still ground (e.g. tire wheels),
the velocities would be zero. The velocity of the cen-
ter is

o . .
Ue = ¢+ wk x Rj

= —wRi

(73)
(74)
The contact point goes up, down, touches the

ground, then up, down, touches the ground, and so
on. The acceleration of the center and the contact
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Figure 61: Contact Points Rolling Over

point are:
ic = —aRi (75)
0
" s0 - < -
ac :M—i-m —w?(—R)j (76)
= w?Ry (77)

The key realization is that the acceleration of the
contact point is going to match the acceleration of
the ground plus the normal acceleration to the cen-
ter. Our two big equations for the rolling boundary
condition is

=dap +w2r1lN
o = g (79)

where the  is perpendicular to whatever the rolling
object is touching.

If it is pinned, velocity and acceleration is zero. If
it is in a track, velocity is parallel to the track and
acceleration is perpendicular to the surface(if any). If
it is rolling, then velocity of the contact is velocity of
the ground, while the acceleration is the acceleration
of the ground plus the normal acceleration.

Exam 2 was handed out. Exam 3 is next week on
Friday.

4/19: More rolling

We won’t have problems that have too many geomet-
ric problems. We will have rolling problems. There
are two tofu rules: one with and without the ground
in motion.

We have three boundary conditions for rigid bod-
ies:

1. Pin connected, where U4 = 0 and @4 = 0.

2. The moving part is in a track.

3. Rolling, where object’s rolling point in contact

with ground has same velocity as the ground.

Our general method is to bridge from known point
to the unknown point. Rule of thumb: If we have an

acceleration problem, we have to deal with velocity

as well. A rack is gear that has an infinite radius.

The pinion is the one with the smallest radius.
ag=15m/s’

vp=3m/s
.

B
02m

ac=0.75m/s®
ve=15m/s

Figure 62: Example 52

Example 52

At the instant shown, cable and rack have a
velocities and accelerations as shown. Deter-
mine the angular acceleration of the gear at
this instant.

We know vp,ve,ap,ac,r, R. We are asked
to find the a. First, as usual, write the bridge

equations:
Ua =Up +& X FA/D
= = = = R =
A=0aD T QA XTx/p—WTA/D

and then define the variables

T4 = vpi
ip = —voi
ia = api+ (—w?r)]
@p = —aci + (wQR)j'
&= wk
a = ak

FA/D = R+T)j

An object spinning with a rope behaves as if
it is rolling on the rope. Substitute these into
our equations:

vpi = (—ve)i + wk x (R+1)j
api + (—w?r)j = (—ac)i + (W2R)] + ak x (R +

and breaking these into their components for

v and a:
i vg = —vo —w(R+71)
7 0=0
i ap = —ac —a(R+7r)
j: —w?r =w?R - wW?(R+1)

)j — W (R+7)j
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Note that the last equation also cancels to
zero. We are left with two unknowns: «,w.

We should not rotate our coordinate system.
There will 100% be rolling problems on the exam.
Example 53 tests a lot of things.

®=6rad/s |
a = 12rad/s?| q

Figure 63: Example 53

Example 53

At a given instant, the gear has an angular
motion as shown. Determine the acceleration
of point B

We have two rigid bodies: the rolling gear,
and the bar that’s connecting the gear with
the horizontal bar. We are given:

wy = 6rad/s
oy = 12rad/s?

The other end of the structure is our defined
point C, which mates with the horizontal gear.
We are asked to find ag. A gear problem is
how we force the notion that the rolling object
is not slipping. Bridge:

Ga =dc + a1 X Fajc — witac
ap =ada + ds X FB/A —w%FB/A
= dp = do + a; XFA/C—W%FA/C...
ci 4@ X Tpja — waTp)a
g = Vo + Wy XFA/C—l—O...

o+ o X TB/a+0

Note that it is easy to get ¥ from d since we
are only swapping accelerations for velocities.
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Our variables are:
O_Zl = 041]%
O_ZQ = 042]%
(4_.;1 = wll%
(32 = wgiﬁ
Tajc=(R—1)j
TB/A = (Lcos®)i+ (Lsinf)j
. v\ -
ip = api+ (—) J
173 = UB’Z
ic =0+ (WiR)j
o — g
Note that p — oo. To solve this, we first
have to do the cross product, which would give
us velocities and accelerations in the 7 and j
directions (4 equations). The unknowns are
UB, 4B, 02, wW?.

For the exam, there will be 1 pure velocity prob-
lem, 1 acceleration problem (hence we also have to do
the velocity), and 1 problem that has rolling problem.
One of them will be numerical (it will be the velocity
problem).

We will now transition to rigid body kinetics.
These are NOT on the upcoming exam. We had:

1. Kinematic Points (Exam 1)

2. Kinetic Points (Exam 2)

3. Kinematic Rigid Bodies (Exam 3, the upcoming
exam)
4. Kinetics Rigid Bodies (New topic, exam 4)

We have 3 types of kinetics: Newton’s Second
Law, work-energy, impulse-momentum. We will not
be doing impulse-momentum for rigid bodies, be-
cause impacts don’t keep objects ‘rigid’.

For rigid bodies, it has forces, and moments. We
consider the force based off of the center of mass. We
track the motion for the center of mass. For rotations,
we also do it about the center of mass. The two
equations for Newton’s second law we obtain are:

> F =mig (80)
> Mg =Igd (81)
(82)



Figure 64: Force on rigid body
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Figure 65: Example 55

Example 54 Example 55

The slender rod has a mass of 10kg and the
sphere has a mass of 15kg. Locate the center
of gravity. Determine the moment of inertia
about the center of gravity. Determine the
radius of gyration.

We find the center of gravity for each object,
and then average it.

miyr +moys
- =Y
my + mo
To obtain the I, we use parallel axis theorem:
Ig = I1 + m1d} + Ir + madj

Note that the I,, is the inertia about the ob-
ject’s center of mass. The d is the distance
from their center of mass to the point of con-
cern (in this case, the center of gravity for the
entire object).

The radius of gyration is the radius of a hoop,
if the hoop had equivalent mass and inertia as our
complex object. The radius of gyration is given as

Ig

m

K¢ = (83)

We have to do the problem in Cartesian.
Reminder: EXAM ON FRIDAY. We have
homework due on the 20th.

4/26: Rigid Bodies

We will do a lot of example problems this week.
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The 201b link AB is pinned to a moving frame
at A and held in a vertical position by means
of a string BC which can support a maximum
tension of 10lbs. Determine the maximum ac-
celeration of the frame without breaking the
string. What are the components of the reac-
tion at pin A.

We are looking for a,,., and reaction forces
at A. Note that the object can be moved to
the right only using the string, because the
string works in tension, not compression. We

are given:
Hy =4ft
Hy = 31t
L, =31t
H
0 = arctan <L11>
M= 392508
Trax = 101bs

We have to draw a free body diagram (FBD)
and a mass acceleration diagram (MAD). We
should not make assumptions in our figures,
but in our equations.

A, + T cosf = magy
Ay —mg+T'sinf = magy

) A, <H1+HQ) e

2
We should never treat moment of inertia as
the unknown in our equation. We should
break it down to mass and distance instead.
_ m(H; + Hy)?
12

H, + H,

T
cos 6 < 5

Ig




We have 3 equations and 7 unknowns. We can
assume our tension is the maximum. Since
the bar always remains vertical, &« = 0. Since
motion is only in the horizontal direction,
aGz = a,agy = 0.

Ay

'~ o
”
WN . W -
\l T
jma -

Figure 66: FBD and MAD for Example 55

Figure 67: Example 56

Example 56

The rear-wheel drive dragster has a mass of
1500 kg and a center of mass at G. If no
slipping occurs, determine the friction force
which must be developed at the back tires to
cause an acceleration of 6m/s2 . What are the
normal forces of each wheel on the ground?.
Neglect the mass of the tires and assume the
front wheels are “free to roll”.

Two huge assumptions are that the mass of
the tires are negligible, and that wheels are
freely rolling. We give a torque to the tires,
but we won’t be dealing with it today. We are

given:
m = 1500 kg
Lp=1m
LA =2.5m
R=0.3m
H =0.25m
a = 6m/s?

‘We have double the friction and normal forces
because there are two tires.

2F = magy
2N + 2N —mg = magy
2NsLy —2NpLp +2FH = Iqa

Extra information generally comes from fric-
tion and springs. Since the vehicle is mov-
ing horizontally, acceleration components are
agz = a,agy = 0, and since it is not rotating
(or doing a wheelie) & = 0. We have 6 equa-
tions and 6 unknowns. Solving this yields:

F = 4500N
Ny =1780N
Np = 5576.8 N

age = 6m/s?
agy = 0m/s?

a = Orad/s?

We do not need I because Iga = 0.

Pl ,ﬂnn
T o=
_IF_{"_ % T T
2Np, 2N,

Figure 68: Example 56 FBD MAD
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Figure 69: Example 57

The uniform crate has a mass of 50kg and rests
on the cart having an inclined surface. Deter-
mine the smallest acceleration that will cause




the crate to either slip or tip relative to the
cart. The coefficient of static friction between
the crate and the cart is 0.5.

We are given

L=0.6m
H=1m
m = 50kg
0 =15°

If it is about to slide, then static friction is
at the maximum. The crate tips at a certain
point, when the center of gravity is just over
the edge. In our z component:

—F cosf + Nsinf = magy
and in the y component:
Fsinf 4+ N cos — mg = magy

and finally in the z component:
H

The e is the small indeterminate distance that
the CG moves by just before moving. Since
the object is ‘almost’ slipping and tipping, our
agz = —a,agy = 0, = 0. The crate can not
both slip and tip. If the friction force is less,
then the crate will tip: F' = us/N. Solving, we
would get:

ay = 2.007m/s?

But note that the above answer is with the
assumption that it is about to slip. If the crate
was about to tip instead,
L
=3
as = 2.8m/s?

Since a; < a3, a = a; because that happens
first.

The disk has a mass of 20kg and is originally
spinning at the end of the strut with an angu-
lar velocity of 60 rad/s as shown. If it is then

Example 58
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Figure 70: Example 57 FBD MAD

150 mm

Figure 71: Example 58

placed against the wall (for which the coef-
ficient of friction is 0.3), determine the time
required for the motion to stop. What is the
force in the strut BC during this time?

We will have to find the angular acceleration
to find the time to stop. We will also find
the force on the bar even though we are not
asked for. We are given m, R, wq, ug,0. We
are assuming a massless bar. This is a two
force member so we can treat it as either in
compression or tension. The center of grav-
ity is at B because we are treating the bar as
massless. Our equations are:

—N — Fgccosf = mapy,
—mg+ F — Fpcsin = mapy
FR = IBOz

We have 7 unknowns. Our friction is F' =
urN. Since we don’t have any linear accel-
erations, ap, = ap, = 0. Since the angular

velocity is a derivative of acceleration:

w=oaty+Cy

=aty —wy




With these, we have all the equations we need
to solve the problem.

L_tc

Figure 72: Example 58 FBD MAD

4/28: More problems

The homework will be due later than Sunday, since
we did not cover enough example problems. We will
go through as many example problems as possible.

Example 59

The cord is wrapped around the inner core of
the spool. If a 51b block B is suspended from
the cord and released from rest, determine the
spool’s angular velocity after three seconds.
The spool has a weight of 180lb and a radius
of gyration around the axle of 1.25ft

When we are given a radius of gyration, they
are giving us moment of inertia. Given:

180
ma = @slugs
5
mp = @slugs
R =275t
r=1.5ft
ka=1.251t

The radius of gyration can be used to find the
inertia, since

IA = mAki

Impact is the only real reason to use impulse
momentum. Without impact, we shouldn’t
use it, especially in rigid body problems. Use
Newton’s Second Law. We are asked to find
wy. We need two diagrams for both of the
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objects. Using the diagrams, we get

T: Ay =myagn
T Ay —mag—T =maaay
zZ: —Tr=1sa
T: 0=mpap,
e

T —mpg =mpapy

We know, however, that aa, = a4y = 0. The
acceleration at r is same of the acceleration
of B. Suppose there exists a contact point C'
where the cord meets the inner radius. We
can bridge:

0
= = = = D=
ac 2%'4-01 X To/a — W Tc/A
dc = ak x ri — w?ri
dc = arj —wri

apy = acy = AT
wr=aty

Since it starts from rest, there is no initial w.

Y o M

ANV N

N T
T
ﬁ] L
4]

Figure 73: Example 59 FBD MAD

P=300N

Ho8m |\

®=6rad/s ““‘\,,y»
LB | ) A - 3
(¢} - L

Figure 74: Example 60




The uniform 30kg slender rod is being pulled
by the cord that passes over the small smooth
peg at A. If the rod has an angular velocity
of 6 rad/s at this instant, determine the reac-
tions at the pin O and the angular acceleration
of the rod.

¥ 0.8m

If this bar were to move it would be a work-
energy problem. At this very instant though,
it is a Newton’s Second Law. We are given:

L =0.6m
Lo =0.3m
H=0.8m
w=6rad/s W
Lp=1Li+ Lo Fo = Srad/s

H15m

1—X

=1
—

0 = arctan( L_1)

=
100N} B

@

We want the forces at O and . We will be ~FL1' i 3

given simple geometries, or radius of gyration, tm
in this class. Using the diagrams, we get:

Figure 76: Example 61
Oz — T cos = magy

5 <
y: Oy —mg + T'sinf = mag, Example 61
Ly Lp

z: Tsin6(Ly — 7) N Oy? = I At the instant shown both rods of negligible
T—=P mass swing with a counterclockwise angular
velocity of 5 rad/s while the 50kg bar is sub-
We bridge from O to G to obtain some un- jected to the 100N horizontal force. Deter-
knowns: mine the tension developed in the rods and
0 the angular acceleration of the rods at this
6G:%'+&XFG/O_W2FG/O instant.
= ak x L—B% — sz—B% Given
2 2
_ <_w2L_B>g+ <%)] H=15m
2 2 w = 5rad/s
which gives us P =100N
2LB Ll =1m
AGy = —W o5 Ly=1m
aLB 9

agy = —5 and asked to find 17,75, «. The bar will be
perpendicular to the upper surface, therefore
The angular stuff will be in rad/s. bar 2 will not rotate but the supports will
with the same angular characteristics: a; =
ag,w; = w3, ag = 0. The vertical bars are of
negligible mass, so we don’t need to do the
diagrams for those. Using the diagrams, we
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get:

P =magys
Ty +T3 —mg = magy
—T1L1 aF T3L2 = IGCUQ

Qg = 00[1 = (3

Since the top of the rods are stationary, we
will bridge from there to the center of gravity.

0
— — — - 2 -
ap :9/'+a1 X TB/A —wer/A

—aB+M—W

= ank x (—H)j — wi(—H)j
= (alH)i + (le)J

which yields the two additional equations:

CYG :OélH
dgy = wiH
R T2
/I\ 0N
2
?_)' (_'l_,no. o
T .l
A~ )

7

Figure 77: Example 61 FBD MAD

Figure 78: Example 63

Example 63

The 0.5m long 5kg uniform bar is pin con-
nected to a 10kg collar that is free to slide on
a smooth horizontal guide. The bar is initially
at a 20° angle with respect to the smooth guide
when it is released from rest. Determine the
initial angular acceleration of the bar and the
initial acceleration of the collar

43

We are given:

mp = bkg

mgc = 10kg
L=05m
0 = 20°

and asked to find a,dc. Note that the bar
cannot rotate. Using the diagrams, we get

—Cy = mgoacy
N —m¢gg — Cy = mcacy
Cw = Mmpapg
Cy — mBg = MBaBy

—Cp—= 51n9+C’ COSH—IBa
For today, our radius of curvature is infinite
for the collar, therefore ac, = 0. We can now

bridge from the collar to B.

- — — - 2 -
ap =ac + o XTrg/c — W Trp/c

R . L a L
= (acy)t + ak X [(—5 cosO) 1+ (—5 sin
= (a(;;r + ag sin9> i+ (—aé cos 9)3

Which gives us the two final unknowns:

al,
aBy = QCz + TSHIG

o
apy = ——— cosf
2
(“cm“‘
ik )
A [ v\
AN
e
71 : y
N
Ty L}'A PSS

A~
%\“b“ﬁ*
™

Figure 79: Example 63 FBD MAD




5/03: More rolling problems

When we do not know if an object is rolling or sliding,
assume rolling. If the friction value is not possible,
it implies sliding. Additionally, if every object in a
diagram is at the same angle, we can rotate the co-
ordinate system; only gravity will end up being non-
perpendicular to any of the axis. Friction attempts to
be static until it can not. For some problems, we can
have multiple answers depending on what happens
(e.g. friction being negative or positive.) Friction
has to be less than max friction to be rolling. If an
object is sliding, F' = uiN. If an object is rolling,
agy = aR. Max friction is Fjq. = psN. If the
pulling force of a yo-yo is extreme up, and it lifts off,
N goes to zero. Often, if NV is negative, it implies
that the yo-yo is flying up.

%

C

60° 60°

-G @)

Figure 80: Example 64

Example 64

The uniform 10kg rectangular panel is sus-
pended from point C by two thin wires A and
B. If the wire A is suddenly cut, determine
the tension in the wire B the instant after the
wire is severed.

Do not treat this as static problem. The panel
will rotate. The wire is a massless rigid body.
If the wire was a massed bar, there would be
two masses in our problem. We are given m =

10kg, L = 2m,H = 1m,6 = 60°. We are
asked to find T'. Using our diagrams:
a3 S —T cost = magy

—mg + 1T'sin 0 = magy

H
5)

L
z: Tecosb(—=)+ Tsin@(g) = Igo
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and then bridge from the ceiling, since accel-
eration there is zero.

0 0
ip = 36+ do X Fp/c — WIPETC

0
= = = = 2o
dg =dp+a X Tg/p —WiPcTB

=da X Tg/c + 01 X Tg/B

= ask x [(L cos )i 4 (—Lsin 9)3] + ark x [

H\ . L
(agLSinﬁ +a12) 7+ (achose - a1§

At the instant the cable is cut, there is no an-
gular velocity. Additionally, the above equa-
tion brings a fifth new unknown as, but two
equations. I can be obtained from the dia-
gram.

~
|_5 " oy

=
\|/ IC&

Figure 81: Example 64 FBD and MAD

Two slender bars, each with a mass of m, are
hinged at B and pinned at C. The two bars
are at rest when a force F is suddenly applied
at A. Determine a closed set of equations that
could be used to find the initial angular accel-
erations of the bars.

We are given m, L, F', and asked to find a, as.
We obtain 6 equations from the diagrams, and
four more equations from bridging, to obtain
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Figure 82: Example 65

10 unknowns.

Cy + By = map,
Cy + By — mg = map,
L L
: B, -=—=—C,-—=1
z B) D) DO
—B, + F = mag,
—By, —mg = magy

L L
z . F§+Bz§:IEO[2

Then, we bridge from C because we know ev-
erything about that.

0

- _ 0_, . 2 -
ip =36+ a +7pjc —wiPpjc
. L\ -
:Oélkx<—§>j
— L g
= Oé12 1

N = 0 = 25

ip = d6+ a1 X Tpjc — WiPBJC
o oo S L 0
dp = dp + 02 X ' /p — WePETH

=01 X rB/C + a X TE/B

0

~ “ - L
= a1k X Lj + ask X <_§)]

L\ -

Which gives us the remainder of the equations.
Note that the y components of both accelera-
tion is zero at that instant.
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Figure 83: Example 65 FBD MAD




5/05: Rigid Body Work Energy

We will draw a dotted line to show the con-
trol volume. Anything that crosses it is work.

The equations for rigid-body work is:
Nothing is moving the boundary, so our work

W =AEk +AEp + AEs (84) is 0. We have no springs so spring energy is
= /ﬁ dF + /M a6 (85) also zero.
v 0
1 1 v
A= (8 k) + 5la (W —uf) (s0) | APk AR +Ms/1
AEp =mg (yas — Yco) (87) AEg = §mA (”Af UAo + 9™MmB (UAf ”AO)

where s is the displacement of a spring from its free
length. AEp = —magLa +mpgLp

We can cross out kinetic (linear) energy of
the spinny thing because it is pinned. Linear
speed at a point on the spinny thing is

VA0 — R(U()
vaf = wa
VBo = TWo
UBf = TWgf

The angle of twist is the same for both. Using
figure [85], we get another equation:

r

Figure 84: Example 67

The double pulley consists of two separate and solving yields
pulleys that are welded together. It has a
combined weight of 50lbs and a radius of gy- wy = £20.4rad/s

ration of 0.6t about O. If it is initially turning
with an angular velocity of 20rad/s clockwise,
determine the angular velocity of the double
pulley the instant the 10lb weight moves 2ft
downward.

but realistically, it would actually be minus
because it is rotating counterclockwise.

We are given:

50 !
Mo = 355 5188
20 !
M4 =058 ugs
mp = 30 slugs Figure 85: Example 67 Determining Length Relation-
32.2 ship
r=0.5ft
R=1f1t
ko = 0.6 ft
i — il If the uniform 30kg slender rod starts from
L.—9f 0 rest at the position shown. Determine its an-
A =21 gular velocity after it as made 4 revolutions.
w = 20rad/s The forces remain perpendicular to the rod.
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As this rod turns, the forces also turn. Since
this is pinned, displacement is zero. Let
Fy; = 30N, F, = 20N, and the total length
is L = 3m. The applied moment is clockwise
with Mo = 20N -m. We are asked to find
wy. There are external forces, hence there is
work. We have kinetic energy. Since the cen-
ter of gravity begins and finishes at the same
position, we do not have a change in potential
energy. We do not have a spring. If a par-
tial revolution was made, we may have had
potential energy.

W = AE, + ABFLA

L
1
AEg = 3m v]% —y{ H

8T (Fl 0 % + Fy - % 4F Mo> %mvéf + %Igw}
Since all of them have a 87 term, we can take
that out, for work. We have two unknowns:
w¢,vg¢. We do not use bridge, because work-
energy is scalar. We should not need to use
parallel axis theorem in this class. We realize
that the angular velocity and linear velocity is
related, which brings the equation:

L
ey = Uit

Our wy will yield positive and negative. Since
we took clockwise to be positive, it will be
positive. However, we can keep it as positive
and negative.

50
m= @slugs
& L=6ft
1) H = 4ft
wo = 2rad/s
1 Ltree = 21t
k = 121b/ft

Just because something has a spring does not
mean that it is work energy.

a

L
Al

Figure 86: Example 70

Example 70

At the instant shown, the 50lb bar rotates
clockwise at 2 rad/s. The spring attached
to its end always remains vertical due to the
massless roller at C. If the spring has an
unstretched length of 2ft and a stiffness of
121b/ft, determine the angle measured from
the horizontal to which the bar rotates before
it momentarily stops.

There is no applied forces, hence work is zero.

0
W= AEx + AEp + AEg

1 0 1 g
AFEg = §m (vzf—vé0> + §IG %Zf_wg
L
AEp:ngSinﬂ
1
AEs = 5k (57 — s5)
sf=(H+Lsin®) — Lyyee
SQZH_Lfree
1 L
0= —§mvé0— > ng+mg§Sin9...
1
o+ 5k |((H + Lsind) = Lyree)” — (H —
e
Go=wo- 3

We need MATLAB to solve this.

The 20kg rod is released from rest when q=0°.
Determine it’s angular velocity when q=90°.
The spring has an unstretched length of 0.5m
We are given m = 20kg and Lfyee = 0.5m.
It’s a work-energy because there is a big dis-

Example 71

/free)Q
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2m

Figure 87: Example 71

placement. L = 2m,H = 1m. From the
inertia sheet, Ig = 7”1’;‘2 A professor ad-
dition to the problem: let there also be a
My = 20N-m. k = 100N/m We have to
find wy. Our work energy equation has all the

terms:

W =AFkg + AEp + AEg

907
— M- —=
W=Ma 155
1 [, 0 1 29/24
AEK:Em VGr — Yéo —|—§IG WYl
L
Vs =Wfy
L
AEp =mg—
2
1
AEg = 5]6 (S?‘ )
so=+vL?+(L+H)?— Lfree
Sf = H— Lfree
and then we substitute all that massive equa-
tion
907 1 o 1 o L
A" m = §vaf+§Iwa+wf§+mg§

not do the course evaluation. We will do them in

class on Wednesday.

5/10: More problems

L{rgg
k =300 N/m|

S

Figure 88: Example 73

Example 73

The spring is attached to the end of a 15kg
rod and is unstretched when 6 = 0°. If the
rod is released from rest, determine its angular
velocity the instant 8 = 30°.

We are given m, L, k,wg = 0. The work en-
ergy is:

0
W= AE, + AE, + AE,

0
1 1
AEk:§m <Uéf_%> +§I() w;—%
L
AE, = —mg5 sin 0
1 2
AES = 5}{? Sf —)9'(2)’
sy = Lsin0
1 1 mL? L . 1
0= émvéf + évwi —mggy sin 6 + §k(L

SR %k [(H — Liree)’ = (VIZ+ (T

The above equation has only one unknown, so
we can solve them.

We only covered two topics, hence the exam will
have two problems only: Newton’s Second Law, and
Work-Energy problem. We will also have to figure out
what is going on. We can potentially have kinematics
bridges on both problems, but they are more likely to
be on the Newton’s second law problem. We should
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We have to bridge, but the bridging will not
vGf 17Af +"Uf><7?G/A

be done using pins. The kinematics are:
2 . L ~ (L -
var] +wypk x {(5 cosﬂ) ) (— sin9> j]
L . i L A
—wf§s1n9 i+ | vay +Wf§COSQ 7

2
L 2 L 2
vap = (—wf§ sin9) + (vAf +wf§ cos@)

If both of the ends are moving, and we use

Sin 02)




one of the ends, we get one more equation,
and more unknown. We should bridge across
the whole thing:

'UBf = 17,4]0 —l—LUf X 'FB/A

VBl =vasj +wsk x [(Lcos 0)i + (L Sine)j}
o UBf = 7WfLSiIl9

J:0=wva5 +wsLlcost

We do the inertia and calculations about the cen-
ter of gravity because otherwise we will have to deal
with kinetic motions off centered. We have now all
the tools needed to solve dynamics problem. This
class shifts into vibrations.

mi + ck + kx = f(t)

[Q]

0

L1

KN
Lz
v
/

Figure 89: Example 72

Example 72

A pinned bar of mass of m has an initial an-
gular velocity of wy as shown. The bottom of
the bar is attached to an unstretched spring
with a stiffness k and an unstretched length
of Lfree

1. Find a single closed equation that could
be used to find the angular velocity
when the bar has rotated °

2. Find a closed set of equations that could
be used to find the forces in the pin when

the bar has rotated °
Part A is a work energy problem because
it is swinging from vertical to horizontal.
There’s a moment at the pin. We are given
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m,le L2; LfreeaWOa MO

W = AFEkg + AEp + AEg

90°m
W = M -
" 180°
1 1
AEg = 5L (U?Jf - Uéo) + 516‘ (%2‘ - w%)
L,
Vgf = 7&)]0
_L
VGgo = 9 wo
L
AEp = mg?1
1 2 2
AES = ik (Sf o SO)

Sf = Lf — Lf'ree

Ly=\/L3+ (L1 + Ls)?

Ly
S0 :%'_ Lfree

and now the super big combination of that
equation

s 1 L1 2 L1 2 1 2
Mo§ =5m <(2wf) — ()?wo) + 5[@ (w? 1
—-—
95 -

1
o 5k ((sqrtLf + (L + L2)® = Lyree)® -

Solving this will yield wy, the only unknown.
Next, we do the forces. Using the FBD and
MAD, we get:

T O, — Fscos ¢ = magy
Oy —mg — Fssing = magy

%z e _Oy (Ll> — Fgsing (%) + My = Iga

2
FS = ka
¢ = arctay
1
aGe = _WJQ"f
Ly
AGy = O—
Gy 9

Our missing stuff come from friction and
springs. Additionally, for the acceleration, we

—

(

Ly + Lo
L,
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Figure 90: Example 72 FBD MAD
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