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Non-Class Info

Michael Romeo is the SI PASS leader, and has been
doing it for a bit of time. Has two 50 minute sessions
each week: one in-person, and other online. Specifi-
cally dedicated to CALC 2. Like an organized tutor-
ing student. Will have review session prior to each
exam.

Studies showed that: Those who attended SI
PASS session perform better than those that do not.
Michael will keep reminding us of this.

6.2 Volumes

The “dx” represents the super small thickness. In
general, formula for volume is:

V:/abA(x)dx

Last time we talked about volumes by the disk
method, where if the cross-sections are circular disks,
then:

A(z) or A(y) = mr?

Washer method is where, if the cross sections are
washers, then:

A(z) or A(y) = 7 [outer® — inner”]

See Figure for view. The above are solids of revolu-
tions. The greatest issue is in finding what formula
to use for the radius for the area.

0.1 Exercise

Finding volume of solid by revolving region by the
bounded curves about the given y:

y=vzxr—1

This can be viewed in figure 0.1. Since it is being
revolved around the x-axis, the revolution will be in
respect to . We will be generating a washer.

outer =y=+vzr—1

inner =y =1

SA@) =7 (Vo - 1)?2 - 1]
=7(zx—2)

Next, we find the volume.
5
V=mn / (x —2)dx
2

1 5
=T |::L'2 — ZI]
2 2

=7r[225—10—(2—4)}

=7

2

Exercise

For this exercise, the solid will be made by revolving
around the y = —1. Visible in figure 0.1

8 8 € «w
|
W = Oy~



" . — .
3} O Exercise 2 Hg 4 Exercise 3

=227

Hence, the cylindrical method can be used, ac-
cording to which:

Here, the radius are different. b
1 V(z) = / [circumference] x [height] dx
outer = — +1 e
x

Where dz is the thickness. For this problem, it would
resemble this:

(;H)z_l] V(x):/0227r-x-f(a:)dx

T (zfz + 2:1:71)

inner =1

Vi =r [ @) =2 /(2 2 do
mrfl 21n|m|] :27r/0 2z3x4cix
7r< é+1n97 )> %Fﬁéxf’h }

32
= <§+1 9> =2 88—5—(0—0)
6.3 Cylindrical Shells Method s

For regions made by a single curve, or where the nor-

mal method would not work, we can use the cylindri- Be aware of what the questior.l allows you to do.
cal shells method. In some cases, you can use both, in others, only one.

0.2 Exercise 0.3 Exercise

For example for this: We are given:

f(z) = 222 — 2° r=4y,c=0,y=1

y=0 And this will be revolved about the x-axis to form
a solid. The figure can be seen in Figure 0.3. Since
this problem is about the x-axis, the problem will be
done about the y. Since the cylinder is leaning on the
side, the height will be the x = ,/y, and the radius
would be the y:

If revolved around the y-axis, it should resemble Fig-
ure 0.2. It would not be impossible, but certainly
difficult. This is because we would have to solve it in
terms of y. This is not an issue for most other curves,
but for this, is.



1

Exercise b
y = ]

’ Fig (

0.4 Exercise

Similarly, this can be used for different axis. If given
y=a’z =y’

, about the y = —1. See Figure 0.4. Here:

For each y € [0,1]
radius =y —(-1)=y+1

height = /y — e

Now, apply the formula in terms of y:
1
Vet [+ DI i) dy
0

1
3
:277/ (y2 —y3+\/§—y2)
0

1
2, 1, 25 1
S P R R R
”{5‘”2 AR sy]o
e 1+2 1
=47 | = — — - — -
5 1 3
(24—15+20>
=27
i 60
29
= —7
30

6.5 Finding Average Value of a
Function

If we let f(z) to be a continuous function on [a, b],
then the average value of f can be found by the inte-
gral. If we pretend that this class has 100 students,
then we add up all our test scores, and divide by the
number of students, to gain the average score. This
is for finite. However, for a continuous function, we
have to use an integral, and then divide by the size
of the domain (i.e. b — a).

For the ease of understanding, assume f(x) >
0,Yz € [a,b]. This can be used for negatives too.
For example, in Figure 0.4, the average would be a
rectangle such that the height of the rectangle is a
constant function, such that the area under that con-
stant function is equal to the area of f(x).

Definition: f,,4 is the y-value such that the rect-
angle with base [a,b] and height f,,, has the same
area as the region under the graph of f.

Since it is a rectangle, the area is geometric:

/f

A= favg



Consecuntely:

favg = fab f(x) da
a

b—

This relates to the Mean Value Theroem (MVT).
According to this theorem, if f(x) is a continuous
function, at least once will it achieve its average value.

Definition: If f is continuous on [a, b], then:

Jdec e [a,b] > f(C) = fcwg

0.5 Exercise

Finding the average value of the function on the given
interval:

flx) = é,x € [1,4]

0.6 Exercise

Finding the average value for the following:

g(x) =221+ 23, 2 €0,2]

1 2
Yavg = 72 0 / I2 \Y4 1+ 3 dx
- 0

Let u =1+ 2°
1
:>w2dx:§du
11/
gavg:§><§ L \/E'du
_1 QU;:]Q
613 1
1
=-(27-1
S (27-1)
26

o|
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Section 6.2 Continued

|
|
Last time the average value of f was discussed. Ac- F{ 9 : 2 : EX 2
: g

cordingly:
If f(x) is continuous on [a,b], then the average
value of f on [a,b] is:

1 b
favg = m/a f(:c)dz

And according to the MVT of Integrals: If f
is continuous on [a,b], then there exists at least one -

cin[a, b] > f(C) = favg . Ji‘ 3

Exercise 1 ‘

Finding the average of the function on the given in-
terval: Exercise 2

) = Vz.[0.4 For
f(@) = Va,[0,4] f(z) =22 z€[0,3]

The average value is:

1 4
favg:m/o \/de

S S
1 27 274 favg = 7/ % dx
:ixg[m}(} J 513*030
1 _ 1,3
:6(8_0) —9[$]o
- 4 = 1 x 27
3 9
=3
Finding all the ¢ in the interval where f(c) = foug-
To find the point c:
4
o) =5 fle)=3
=3
s
=3 5
16
€= 9 The area of the rectangle can be seen in Fig

Sketch of the graph of f and the rectangle that has
same area is in Fig



7.1 Integration by Parts

The end goal is not only to know the integrals, but
also to be just able to look at an integral, and imme-
diately being able to recognize it. We have to be able
to recognize it too. Integration by parts stems from
the product rule:

Where:
u=f(z)
du = ['(z)
dv = ¢'(z) dw
v=g(x)

This should be used and is useful when the inte-
gral on the right hand side (RHS) is easier than the
one on the left hand side (LHS). For definite integrals,
it is:

b

b
/ f@)g'(x) de = f(z)g(z)l; —/ g(x)f'(x) dx

a

These are used generally when we are integrating
the product of two different kinds of function, such
as polynomial and exponential.

Exercise 3

/a:e*‘”” dx

U=z

du = dx

dv = e *dx
v=—e 7

If the v and the dv were switched, it would create
issues:

1
u=-¢e¢ 7 dv=xdrdu=—e dr;v = 5:02

1 1
/xe_”” dx = 53:26_7” + / 51:26_36

The result, by no means, is easy, hence, although
right, not the best.

Mnemonic to memorize the order: Logarithms
Inverse Trigonometry
Polynomial
Exponential
Trigonometry

Exercise 4

Given the following integral, evaluate.

/p51npdp

Using LIPET, we know that:

1 1
uw=1Inp; dv =p°®dpdu = ~ dp;v = 6;06
p

/pslnpdp:uv—/vdu

1 1
= *pGlnp—/ng’dp

6
1 1

=—pSlnp— —p°+C
6p np 36p+

Exercise 5

/tBBtdtu =13 dv = et dtdu = 3t> dt;v = €'

/t?’et dt = t3et — /3t26t dt

Here, we have to do Integrals by Parts again for
the latter integral:

u = 3t% dv = ' dtdu = 6t dt; v = €
Now, continuing:
=t3e! — [3t%! - / 6te’ dt]

n =t — 3t%et + /Gtet dt



And yet again:

u = 6t; dv = e'dtdu = 6dt; v = €' /E.TCSCQZ‘CZ{E: —xcotxé +/5 C?Sxdx
x 4 x sinx
u = sinx
=3¢t —3t2et+6tet—/6et dt du = cos zdx
3 x
= t%e" — 3t%¢' + 6te’ — 6e' + C / zesc? zdr = [—xcotx + In|sinz|]2
T
Exercise 6 2
) z—g(O)—Flnl— —%—!—lng
=1 co—1
sin" " xzdru =sin" " x; dv =drdu = ——=dr;v =2
/ V1— 122 T, V2
= — — In —
4 2

.1 .1 X
sin""xdr=zsin” x— | ——dx . . .
/ / N Discussion: Review 6.2

2

u=1—zx
du— —90d Usually, Wednesdays are for quiz, and we should give
U= merar the TA 1 week. After integrating, remove the inte-
1 1
. .1 -1 rand. n
o[ sin T wdr = s L G g
/bm T ar = rsin x+2/\/au
1
:xsinflm—l—ixQu%—&—C 6.21
.1 Finding the volume of the solid formed by rotating
= V1i-22+C
TSI S the region bounded by y = /z,y = 2, and y-axis
. about the given line. Sketch the region, the solid,
Exercise 7 and a representative disk or washer.

The following is an exponential function with a

- : 1. The y-axis. Answer:
trigonometry function.

=1y
/e_z coszdru =e %; dv=cosxdrdu = —e “dxr; v=sinx A=n(z)?
2
V= 7?/ (v*)* dy
0
/e*a”cos:rdx:e*“”sinx—i—/e*Isinxdx 1 52
= 71'5 [y ]0
u=-e " 1
dv = sinz dx = £7(32-0)
du = —e "dx _ ! % 3271
V= —Cosx 22
. =57
/e_’c cosxdr =e Tsinx —e cosx—/e_“ cosx dx 5
Diagram is shown at Figure 1
2/6_x cosrdr =e “sinx —e ¥ cosx

—x
/e*z cosxdr = 62 (sinx —coszx) + C

Exercise 8

™
3
/ xcsc? o dru = x; dv = csc® xdu = dr; v = —cot
jus
I



FT%: 3 Ex 62-1a Fig' 5:Ex 631

’Aﬂ s Y / /ii
&/ : >
ol & | A2

Fig 4t Ex 631 Hg: 6 Ex6.2-1d

¢
y=2 V;FR
/ v:Z
x r:'/;
( \\\ %:
‘./Z_ L=
4. x = 5. Diagram is shown at Figure 4
2. The x-axis. Answer: r9 =25
N r=5-y’
z=4 A=n(5"~(5-y)?
A=m7(22 —2) = 7m(25 — 25+ 10y* — y*)
4 2 4
V:ﬂ/ 4—xdr V=7T/ 10y* — y* dy
0 0
1 10 1.1
= [433 — 19:2] =7 {393 - 595}
2 0 0
=7(16 -8 — (0 — 0)) _ o (1ox8 32
— 8 3 5
304
Diagram is shown at Figure 2 15
3. y=2
r=(2- V) 6.3 1
4
_ _ 2 Gi that
V—w/ (2 — Vx)* dw lven tha 1
0 y=—,z=1z=4
4 x
= 7T/O A—AVa+xde find the solid obtained by rotating the region

bounded by above by y-axis, if it is above the x-axis.
Use the cylindrical method. Diagram is shown in

[ 4x2 4 x2]4
=7 |4z — r2 + —
3 0
8
:w[(16—3x8+8)—(0—0+0)]
8

= =T

3

Diagram is shown at Figure 3



Fig T'Ex 63 -1

| 4
A=
Figure
4
V=2r / [radius] x [height] dx
1
4
1
= 27r/ X —dx
1 i
= 2r [a]}
2r(4—-1)
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First half of class would be for sin and cos trigonometric integrals, and later sec and tan

7.2 Trigonometric Integrals
Strategy for evaluating integrals of the form:
/ sin™ x cos™ x dx (1)
Where m, n are positive non-zero integers. If either powers are odd, it’s easier.
1. If nis odd: n =2k + 1:

/sinm zcos?*H g de = / sin™ x(cos? )" cos © dx

= /sinm z(1 — sin® z)* cos x dx
Then let v =sinx

This lets us cross out the the cos.

2. If mis odd: m =2k + 1:
/ sin?**1 z cos™ & dx = /(sim2 z)* cos™ zsinz dx
= /(1 — cos® x)¥ cos™ x sin z dx
Then let v = cosx

If both are odd, then either (a) or (b) can be used.

3. If m and n are both even, we have to use half-angle identies:

1
sin? = 5(1 — cos 21) (2)
5 1
cos” = 5(1 + cos 2x) (3)
1
sinx cosz = 3 sin 2z (4)



Example 1

/ sin® z cos® z dx = / sin® z cos® z cos z dx

= /sinﬁ x(1 — sin? z) cos = dx

u=sinzx

du = cosx dx

= /u6(1 —u?) du

= /(u6 —u®) du

1
=qul Wt e
1
= ?sin7x— Zsin’ +C

Example 2

Will be a bit more difficult because the folloing has a 2 instead of a 1:

/sinQ“" dr = /Sin4 2x sin 2z dx

= /(1 — cos? 22)? sin 22 dx

U = coS 2x

du = —2sin 2z dx

= ,%/(1 —u*)? du

Il
[
N
_
I
[\
<
[N
_|_
ﬁ
=
~—
QU
<

Il

|

| =
| —|

<

|

| Do

<

w

+

| =

<

ar
| I

+

Q

1 1
= —5c0s2x+§c0832m—ﬁcos52x+0

Example 3

Now, for evens:



NIE]

J

cos” dx =

VB

(14 cos2z)dx

1 bl
<:L' + —sin 217)
2 0

+of(0+0)}

N =

o3

NG I R h

The higher the even power, the more difficult it gets

Example 4

/ sin® 3t dt = / (sin” 3t)2 dt
0 0

S I N N N Y = B SN

3

e

—

o|

S S5

1 2
{2(1 — cos 6t)] dt

3

(1 — 2cos 6t + cos® 6t) dt

1
(1 —2cos6t + 5(1 + cos 12t)) dt

3

1
B — 2cos 6t + 3 cos 12t} dt

us

3 1 1

it_ 3sir16t—|—24811112t]0
3T
2—0—1—0—(0—0—1—0)}



Example 5

1
/:ccoszxdz: 5/x(1+c052x)dx

1
= — | (x + x cos 2z) dz (Int. by parts
2

1 1

= Zm2+§/wcos2acdx
uU=2x

dv = cos 2z dx

du = dx

1
(% 2Sln €T

1 11
=-2’+ = |Zzsin2z — 1sin2x dzx
212 2

4
1 1 1

= 1372-1- Zwsin%‘— Z/sinQ;vdm
1 1 1

= ZxQ—i— szian—&— §C082£L'+C

Example 6

For this, we can either replace both of the trigonometry, or even better, just use the third formula
in (c):

INE)
NIE]

/ sin?  cos? x dx = (sinz cos z)? dx
0

sin 2x)? dx

(

[SE]

sin? 2z dx

I
|+~ |l |+~ "';"_‘c\o\
o— — wi
o R

(1 — cosdx) dx

ﬁ
0|3
|
(@]
|
—
o
|
(@)
S—
=,

N

Example 7
This doesn’t look like the trig above, but it is:



5
. cos®x .
/ cot® zsin* x dx = / = sin* z dz

sin® x
cos®

= - dx
sin x

cos? x
= -cosx dx

sinx

1_'2 2
:/ﬂ.cosxdl‘

sinx
u =sinx

du = cosx dx

1— 2\2
:/7( ) du
u
:/1—2u2+u4du

u
z/(l—2u+u3)du
u
2, 14
=lnlul —u —l—iu +C

1
= In|sinz| —sin2m+1sin4x+0

Using tan and sec in integrals

For the form:

/ tan™ z sec” x dx
For this, keep the following in mind:
sec® —1 = tan’x
1. If n is even and at least 2: n = 2k, k > 1:
/tanm sec?t ¢ dx = /tanm z(sec? x)* 1 sec? z da

= /tanm z(1 + tan? z)* L sec? z dx

Then let © = tanx



2. If misoddis odd m=2k+1 and n > 1:
/taunmCJrl xsec" xdr = /(tan2 x)*sec" ! xsec x tan x dx

= /(sec2 z — 1k sec" ! zsecx tanz dx

Then let u = secx

3. Other cases have no clear cut strategies.

For the following, these come up often, so we should memorize them:

sinx
/tanxdx = / dzx
Ccos T

U = COST

1.

du = —sinx dr

1
—/fdu

u
—Injul+C

—In|cosz|+C
=lIn|secx|+C

Hence, [tanzdz =In|secz|+ C

secx + tanx
/secxdmz/secx-idx

secx + tanx
sec? z +secztan
dzx
secxtanx

u=secx +tanx

du = sec z tan x + sec? x

1
:/fdu

u
=lnlu|+C

/secacdx =In|secx + tanzx| + C



/ sec® z dx

U =secw
dv = sec® z dx
du = secx tan x dx

v =tanx

/Sechd:r:secxtanxf/secztanzzr dx
=seczrtanx — /sec z(sec? z — 1) dx
:secxtanac—/sec3xdac+/secxdx

1
/Sec3a:d:1c =3 [secztanx + In|secx + tanz|] + C

Examples of Type (a) and Type (b)
(a)

™

T I
/ sec* ztan x dx = / sec? z tan? x sect z dx
0 0

z
= / (1 +tan? z) tan* xsec® z dx
0

u =tanx

du = sec’ z dx
1
:/ (14 u*)ut du
0
1
:/ (u* +u®) du
0



/ tan® 2z sec® 2z dx = / tan? 22z sec* 22 sec 22 tan 2z dx:

= /(sec2 2z — 1) sec* 2z sec 2x tan 2z dx

u = sec2x
du = 2sec 2x tan 2x dx
1

5/(u2—1)u4du
= %/(uﬁ—u‘l)du

1 7 1 5
S e
VRTINS
= LsecTor - Ssecd2r 4 C
—14SGC Xz 10S€C X

/tan2 rseczdr = /(SGC2 x —1)sec dz

:/secga:dx—/secxdx

1
= i(secxtanm—i—ln\secx+tanx|) —In|secx 4+ tanz| + C

1 1
= —secxtanx — 51n|secx+tanx| +C
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Today we will be doing trig substitutions, 3 kinds in specific. The unit is 7.3. The particular
substitution will depend on the pattern.

Integrals involving va? — 22,4 > 0 will have x replaced with a - sinf. When it is a definite
integral, the angle 6 € [—7, 7]. This is because we need to restrain the sin function. The dx in the
integral will be replaced with dz = acosfdf. Consequently:

\/a2—x2 = \/a2 — a2sin’0
Va2 cos? § = al cos 0]

= acostheta

When doing indefinite integrals, we have to draw a triangle, so that we can replace the trigonometry
with algebra involving x. Diagram of a triangle is shown in Figure .
For example:

2V3 23

0 V16 — 22 dx

To solve this:

xz =4sin6
dx = 4 cos df

F\% | The triong!®



This turns the limits of integration to:

z .3
:/3 M-élcosede
o 4cosf

5
= 64/ sin® 6 do
0

= 64/3(1 — cos? 0) sin 0 df
0

u = cosf
du = —sin 6 df

1
:64/ (1 —u?) du

2
1

1
=64 [u — 3u3]

5
= 4 —_—
o4 (3:)
40
T2

1
2

For indefinite integrals, the right triangle has to be used (note that this could have been done
with u substitution)

t
| =
t =>5sinf
dt = 5cos 6 db
/ t g — 5sin 6
V25 —t2 V/25 — 25sin 0
5sinf x 5cosf
- 5cos d0

= /5 sin 0d6

= —5cosl +C

-5cos 6 db

However, since it originally had x, we have to switch it back using the triangle in Figure :
A more difficult example is:



S
lﬂ

/mdx/wdx
/[9—(x2+4x+4)]3dx

:/;sd$
9 — (z+2)?]3
x+2=3sind

dx = 3 cos 0db

(b —dz — )2 (3cos)®

1 1
—— [ ——dv
81 / sect 6

1

T 81
u = tan 6
du = sec? 6 df

1 1
Rt L

1 1,
=gttty +¢

1 1 s
_871tan9+%tan 0+C

1 z+2 1 (z +2)°

s o) T iy

81 (m) 243" (5 — 4z — 22)3
3

(1 + tan? 0) sec? 0 do



p@g 3 Ex3

) ®A+2
\9 |

g ~——

Jo-(x2)*
= [5-4x-»*

The triangle used here can be seen in Figure
Then there are integrals with the format v/a? + z2. Here, the following will be used:

T
r=atanf,f € (—5, 5)
and:
dx = asec? 0 df
Therefore,

va?+ x? = a|sec| = asect

Figure can be seen in .



Usage demonstrated:

2
/ 2222 + 4dx
0
r=2tan0

dz = 2sec® 0 df

z
New limits = / 8tan® 0(2sec 0)2sec? 6 df
0

z
= 32/ tan® 0 sec® d
0

INE]

Peel off sec, & tan = 32/ tan? 0 sec? 0 sec 0 tan 6 df
0

ENE]

= 32/ (sec? @ — 1) sec® O sec O tan 6 df
0

u = sect
du = secftan 6 db

V2
= 32/ (u? — 1)u? du
1

V2
:32/ ut —u?du
1

An easier example:



1
—dx
_/ V2 +16
r=4tan0
dz = 4sec® 0db

4dsec?d
= do
/ 4sect
Memorize = / sec 6 db

=In|secf + tanf| + C

Don’t forget to put it back in terms of x, by referring to the triangle in Figure
Then, we can plug ¢ back into the equation:

Va2 416
In | sec § + tan 6] +C=ln|¥| +C

In(4) is constant = In|v/ 2% 4+ 16 + z| + C



Another example where we have to complete the square first:

de

/WMC’“/MM

1
:/Kﬂ+ﬂz+n+ﬂ2m

1
kel
z+1=tanb
dx = sec® 0 do

1 sec 0
- de= | 2T
/ (22 + 22 + 2)? * / (sec0)*

= /COS2 0 do

1
= /5(1 + cos 20) df
1
2
%[0+sin9c089] +C

1/ z+1 1
== (t +1)+ +C
2<an (@ +1) <\/x2+2m+2) (\/3:2+2x+2>)

1 1 z+1
=t N+ ——7—— C
2(an (x+ )+x2+2x+2>+

[0+ %Sin%] +C

Figure of triangle can be seen in Figure



Finally, there is the integral involving v22 — a2,a > 0. For this,

3
xr=asech,d € [O, g) or |:7T, ;) dx = asecftanf df
Therefore:
Va2 —a? =a|tanf| = atand
Example:

/\/532 —4
T

T = 2sech
dx = 2secftanf db
2tand
= mﬂsecﬁtan@d&

1 [tan%6
=- [ ——db
4 / sec3 0

1 sin? 0 3
_Z/COSQG - cos” 6 df

= i/sin290089d9

u = sin 0
du = cos 0 db
1
:>Z/u2du
L 3

1 .4
fﬁsm 0+ C
3
1 (Va2 -4
=—=|—— +C
12 x

(x2—4)%
= s ¢



Another exercise:

T

= 3sech

dx = 3secOtando

Use half angle

3tand

:/27sec39
1 [ tan?6
g/seT@
1

i/

sin® 6

cos? 0

1
6

- 3sectanf db

- cos? 0 db

1

g/sm29d(9
*/(17C0829)d9
1 1 .

6 [9—2811&29] +C

— [0 —sinfcosb] + C

(5

)] +e
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By the next class, we are expected to read 7.5, because that part is just a summary. There will,
however, be a reading quiz for it. Today we will focus on 7.4: Partial Fractions.
This is about rational functions, particularly polynomials, where we take one rational function
and break it down to multiple. So, if there is a function like:
AD)+B(C) A B
—@p  c¢'D
Similarly, we can solve integrals by doing that:

r+5 2 1
R P (R S d
/a:2+a:—2 v /[33—1 x—|—2} ;v

=2Inlz -1 -Injz+2|+C

The hard part is figuring out how to break it down though. The official way for this is 7 (new
broken down function) the partiacl fraction decomposition of (original function)”

Let f(z) be any rational function in the form f(z) = g%g where both are polynomials. The
degree of P has to be less than the degree of ), to do partial practions. Otherwise, we can do long

division to lower the upper value.
2
T
dx
/ r+4

For example, for:

z4+4)r2+0x+0

Which equates to

16 1
/ x—4+ de | = 2 — 4z +16In|z + 4|+ C
r+4 2

If P degree is less than the degree of @), then P/Q can be decomposed to partial fractions, into
a first factor of O(x) as far as possible. Any polynomial @ can be factored as a linear, such as
ax + b, and irreducible quadratic factors ax? + bx + c. For example, for:

Qz)=a"—16 = (22 —4)(2* + 4) = (z — 2)(z + 2)(2® + 4)

In a way, there are four types of partial fraction decomposition: linear non-repeating, linear
repeating, quadratic non-repeating, and quadratic repeating, in order of easiest to highest.



1 Nonrepeated linear factor

ax + b will have one term in partial fraction decomposition form ﬁ where A is a constant. For

example:

/w@—n“/[tfﬂﬂdt]

Alt—1)+B(t+4)=1forall t

1
Fort=1 B=-
or 5

1
Fort=—-4 A=—-
or , z

The harder but better in the long run bethod is to separate the terms by simply multiplying them
together, and then separting by terms:

At— A+ Bt+4B =1
(A+B)t+(—A+4B)=0t+ 1Vt

LA+B=0
—A+4B=1
A=t
5
B=1
)

And these eventually turn out to be:==

[aom=n=s /=il



Another example:

Vot —dr—1
/ xix()dx do long div
0

22 —x—6
1
3r—4
= 1+ —— ) d
[ ereits) e

1
[ (e )
0 r—3 -T+2

3v —4=A(x+2)+ Bz —3)Vz
Az +2A+Bx—3B=3zx—4
(A+B)z+ (2A—-3B) =3z —4
A+B=3
2A—-3B=—-4
=24 -3(3—A)=—-4
2A4+3A=-4+49
A=1
B=2

:>/1x3—4x—10d _/1 PRPEE SERE N
o z2-z-6  J, \" v—3 z+2) "

1
= {2x2+x+ln|x3+21n|x+2|}

1

0

_3 + ln§
S 2 2
Repeated linear factor
In the form of
(ax + b)"

, where r is a power greater than 1. This results in a partial fraction decompositon of the following

format
A 4 A 4 4 L
ax+b  (ax +b)? (ax +b)"




In case 1, we only had natural log. But here, there is more. Example practice:

/@‘?’;:dez/[wil3+xf2+(xfz)2 o

A(x+2)* + Bz +2)(z — 3) + C(x — 3) = 2?

4
F =-2C=—-
or x , 5

9
F =3, A=—
or x , o5
16
F =0,B=—
or x , o5

9/25 16/25  4/5 9 16 4
- dr = —In|z — 3|+ —1 o] - = (-
/x73+x+2 GroE = gl =3+ plr+2| 5(

Another example:

1
:c+2>+c

/71 d—/é+5+c+ D
x?(x —1)2 T x 2?2 xz—-1 (x—1)2 *

Az(z —1)*+ Bz —1)* + C2*(x — 1) + D2* =1
Forx=0,B=1

Forz=1,D=1
Forx=2,2A+B+4C+4D =1

2A4+4C = -4

Forz =-1, -4A+4B-2C+D =1
—4A—-2C =—4

LA=2
C=-2

1

2 1 2 1 1
24— dr =2 |z| — = — 2w — 1| — ——
/{ n +(x—1)2} z n || - nlx—1| w—lJrO

z z2 x-1

R Ras

T

=2In
rz—1

2 Nonrepeated irreducible quadratic factors

Has form az? + bz + ¢, but gets one term. This forces the form:

Ax + B
ax? +bx +c



One specific integral that comes a lot here is:

1
/7x2 e dx

T =atanf

dx = asec?® 0 do
1 asec6
——dr = | ——=—db
/x2+a2 v /a286C29
1
:/fda
a
1 1
Z0+C==tan"! <E>+C’
a a a

1 1
/ﬁdm:ftan_l (E) +C
T+ a a a

Note: if a was 1, the integral would be tan™" .
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Section 7.6 is not covered in this class. Partial fraction decomposition is used to break down
rational functions. The first stem is always to divide the top by the bottom, if possible, so that top
degree is lower than the bottom. Then simpler rational functions can be integrated.

There are three cases. Case 1 For nonrepeated linear functions, one term exists:

A
ar +b

For repeated linear factor, it has r terms:

A 4 A 4 4 L
ax+b  (ax +b)? (ax +b)"

And then there is non-repated irreducible quadratic factors:

Arz + B
ax? +bxr +c

The following integral comes out a lot, so we should memorize it:

/# dor = étan_1 (2 + C’) (4)

22 + q?



As an example:

2 2 _
/ v e+l dr = / v ot Factor denom.
z34+3 xz(x? + 3)
A B
/ { + f—’— C} dx Breakdown
z 443
A(@*+3)+ (Bx+C)z =2 —2+6 Remove brackets
Az +3A+Ba* +Cr =2 —2+6 Rearrange
2*(A + B) = 122 =B=-1
z(C) = -1z =C=-1
2 —x-1 2 T 1
= / |:x + M:| dm = / |:x — m — 12_'_3:| dl’ BreakdOWn
1 1
=2In|z| — 3 In|z? + 3| — 3 tan~! (%) +C Integrate

The above example uses the cool tan~! integral thingy to get the answer for the middle value.

For doing repated factors:

/ 22 —2zx—1 d 7/ A n B JrC’:13+D d
-102@2+0) " " ) z—1 T @102 22+1 |

22 —2r —1=A(x —1)(2? +1) + B(z* + 1) + (Cx + D)(x — 1)?

r=1,B=-1
r=0-A+B+D=-1=A=D=0
r=-1;C==-1

x=2;5A+5B+2C+D=-1
~D=1,A=D=2

1 1 x 1
/{x—1($—1)2m2+1+x2+1 d
1 1
r—1 2

=Injz—1]+ In|z? + 1| +tan 'z + C

Case 4 is where rpeated quadratic factors are irreducible: =

Ajx + By Asx + Bo . A,x+ B, (5)
ax? +br+c (az? + bz + ¢)? (az? + bx + )"
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We will have exam on this Wednesday, from 5:30 to 6:45 in the lecture room, with our Photo
ID. Books, notes, calculators/electronic devices are not allowed. No discussion section, but will
have Blackboard informbal review session on Wednesday from 4 to 4:50 on Wednesday.

Improper Integrals

So far, we have seen integrals that are continuous at our bounds, or are just finite.
Occurs in two cases:

1. Infinities are the boundaries.
2. We are integrating the function with a vertical asymtope.

For the first tipe, we will start with the same example as in the text book.

Let S be region under curve:

1 >1
= —5,T =
Y 22
<1
Should be = / —
1 -’I/‘
"1
Since infinity is just a concept = lim —

=1

This is definition of the type 1 of improperi integral. When integrating an improper integral
with both limits being infinities, break it down to two an empty. If no limit exits, than we can say
that it diverges and the limit DNE. If opposite, then is callled convergent.



<1
/ ~dr = lim In|z|}
1

x t—o0

=0

Although both functions ;C% and % seld to 0, we have had different interpretatons of the periodic
table.

/ 100 zip dx conevergence/divergence.

Type 2 improper integrals are if we are doing the integral between two finite boundaries, but
there is an asymptope.

1. If f is continuous on [a, b), and discontinous on b, then it would be integrated ith the limit:

/ab f(z)dz = lim /at f(z)dz

2. If f is continuous on (a, b], but discontinous at a, then a similar thing like (1) will be done.

3. If f is discontinous at ¢ 3 ¢ € [a,b], and [ f(z) dz and fcb f(z) dx converges, then:

/abf(a:)dx:/acf(m)da:+/cbf(x)da:

For example:

| _ |
— lim —de
0 X t—0t t X

Another example:

L | ¢ .
/ - de = lim [ (z—9)73dx
1 r—9 t—9- Jq
lim S(z— 9)3t
t—9— 1

. 3 2 2
= lim 3 [(t—g)s —(—8)3}

t—9~

=6



Another example:

4 1 4 1
- dr=] ——————d
/O 2tz —6 " /0 @—2)x+3)

= lim a;dx—i—lim 4;dx
a—2- Jo (x—2)(x+3) b2+ Jp (x—2)(x +3)
lim a;dx: lim [1ln|12+11n|x+3|}t
a=2- Jo (z—2)(x+3) a—2- |5 5 0
In0 = -0
Inoco = o0
Discussion
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Section 8.1 is about arc length of the graph of a function. It will be derived by looking at a
curve y = f(z), ¢ € [a,b]. And once done, it can be converted for other functions too. It will be
derived like the area under the curve. And approximating via a rectangle.

First, we divide the region [a,b] into sub intervals:

[x()axl]v [.’Eth], ey [xiflaxi]v"'u[mnfhxn]

Each have equal width Az. For each 4, let y; = f(x;). That gives us n + 1 points on the curve.
There is no if the function is negative. There is a point: P; = (z;, f(x;)). Length of curve would
be approximately equal to the length of the line segments:

LY IPoP,
=1

The length of line segment is P;_1P;. As n — oo, exact length of curve can be found.
While the Az is constant, the Ay; is not: Ay; = y; — yi—1-

| Pi—1 P :\/(Iz —xi—1)?+ (i —yi—1)? = \/(ACE)2 + (Ay;)?
Now, by the MVT,

Yi —Yi—1 _ Ay;

El *G - D / *) —
x; [xz 1,5&] f (xl) Ti— Ti1 Az

b
PeaPi= (@ (a8 = T (PenPde L= [ \fie(p@Pde

Note that f’ has to be continuous!



Exercise 1
N
1
I — R —
1 1
1 D Y & NN, B
\/Hx 1) \/Hc 2 1 1622
@) =t
Ty Ty
=x+ ! Vf(z) >0,z € [2,4]
=z o T , T ,
4 1
L:/(:c—l——)dm
2 4
4
1, 1 1
Lx +41n|x|]2—6+41n2
Exercise 2
y = In(cosx), z € [0, g]
fl(z) = —tanz

L+ [f(z)]?=V1+tan’x
Vsec?x = secx

5
L :/ sec x dx
0

= [In|sec + tan x|

= In(2+V3)

Exercise 3
Arc length functions are functions designed to find area for any given x value. E.g. from (a, f(a))

to any point (z, f(z)). The function is denoted as:

s(z) = / VIFOP dt

So, for the following:
1, 1
= — —_ 0
Y 390 + iz S >



And that the curve is starting in point (1, ) to: (2, %) and (3,2%). The solution:

1 1
f'(z) = 22 el 1—|—(1‘2—43€2)2
1
= (I2+T:EQ)2
@ 1
_ 2
sw = [0+ g
_[g2_1)”
13 4],
_2t 11
3 dx 12
59
53
3)=—
s(3) =+

If we wanted to find the distance between z = 2 and x = 3, we can do s(3) — s(2).

8.2: Surface Area of Surface of Revolution

A surface of revolution is obtained by revolving a curve about a line. Surface area of a cone can be
found with base radius 7, and the slant height [.

We will have to cut the cone along its slant, and then the radius of the sector would be [, while
the arc length would be 27r. Hence, the area (excluding the bottom. ) can be easily found by:

A= % x % = 7rl

If we only had a bit of the cone, not the entire thing, we can subtract the bigger cone area with
the smaller cone area:

Surface area = area of top cone - area of bottom cone

Which results in:

7T7“2(l + ll) — 7T’I“1l17T[(7"2 — 7'1)11 + 7“2[]

Since we do not want [; because we do not know it, we can convert it into other terms:

Ll_ l+14
1 T2

7’2l1 = Tll + 7’1[1

(TQ — ’I“1)l1 = 7“1l



We can substitute, to get surface area:

SA = 71'[7”'11 + T'QZ]

=7(ry + ro)l

1+ 1o
2

= 27( )l

o SA=27mrl

Where r is the average radius.

Discussion

Given:

3
/ (x* +3)dx; n =6

0

6
L¢ = Z flxi—1)Az
i=1

= Aa [0+ £(5)+ S + 1)+ 1)+ 1)

1 13 21 37
= — —_— 4 -_—
2[3+4+ +4+7+4]
1 71
= |14+ =
2[ +4}

Another exercise:

2
z 1
/ eidx; n=10;Ax = -
o 1+ 22 5
Error bound formulas: 0 .
Kb—a
E < T a4 9 K - " max
K(b—a)?
Eal< — 2
Eal s =51
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Last time, we discussed how a sequence is an ordered list: {a,} = {a1,a2,a3,...,an,...}. The
limit of a sequence: lim,,_,, a, = L, or more straight forward: a,, — L. L is the constant that the
sequence approaches.

We will go to the mechanics of limits. And discuss the properties of certain sequences. Two
things that’ll also be discussed: Sequence being monotonic vs bounded.

If we have two sequences that both converge, such as a,, -+ A and b, — B , and if ¢ is any
constant, then we can take limits term by term, and take out any constants:

1.
lim (a, +b,) = A+ B

n—oo
2.
lim (a, —b,) =A—B
n—oo
3.
lim ¢c-a, =c-A
n—roo
4.
lim c=c
n—oo
5.
lim (a, -b,) =A-B
n—oo
6. 4
_an A
nl;rr;o—nf B (if B #0)
7.

lim af = AP for any p > 0, provided that a,, > 0

n—oo

8. Squeeze theorem: When we have three sequence, and one is squeezed between two converging
series, that one converges to the same value at the point of squeeze:
If, for some integer ng, we have a,, < b, < ¢, for all n > ng, and if a,, — L and ¢, — L, then
b, — L as n — oo.

9. If lim, 00 |@n| = 0, then lim, _,o a,, = 0. Derived from squeeze theorem: —|a,| < a, < |a,]
for all n.



Example problem: Showing that lim, o 777 = 1:
a 1 1 li 1 1
lim LB lim e = lim 75 lim —=0.. - lmnHO.O T = =

This can be alternatively shown by:

n n
~—=1 asn— 00
n+l n
Example of limit law number 9, that if |a,| — 0, then a,, — 0:
—nr 1
‘( ) =——=0
n n
Another example o this:
(-1)2n]  n
n+1 n+1

, therefore { (;2:"

Issue arises when we use trigonometric function: 0 <

sin 2n 1
1+\/ﬁ‘ S 1+vn — 0.

Example exercise problem: Finding the derivative of a sequence, or calling it diverging:
n+1 1+% 1
%

n

an

3n-1 3-1 "3
Another: o
n n .
Qpn = 1+\/ﬁ: ﬁ‘*‘l =T= Diverges
Another:
an, :cos% —cos0— 1
In certain cases, we can use L’Hospitaal’s Rule:
_ Inn 0
" In2n - oo
. Inn . 1 .
lim = lim £ = lim 1=
z—oo In2n  z—oo % z—>00

coan, — 1

Special type of sequence is the Geometric Sequence. In its most basic form, it looks like {r"} =
{r,r%,r3 ...}, and in full form: {a-r"}. This converges if —1 < r < 1, and diverges otherwise.

lim =0 < —-1<r<1,1 < r=1

n—oo

Some tactics when doing these:
N . 9\"
lim — = lim (| = =00

gntl o 3x3h 3 (3)”

Another:

lim —— =1 im =0

m [
n—oo 22n+3 n—oo & X 41 8 n—oo

4



What does it mean for a sequence to be increasing or decreasing? If it is either increasing or
decreasing, it is known as monotonic. More formal definition:

1. Sequence {a,} is increasing if a,, < a1V n.
2. Sequence {a,} is decreasing if a,, > an41Vn.

3. Sequence {a,} is monotonic if it is either increasing or decreasing.

We can show that a sequence such as {;75} = {%, %, %, ...} is increasing in the following ways:
n+1 n
Opt1 — Qp = -
i n+2 n+1
(n+1)2—n(n+2) n*+2n+1-n?—2n
(n+2)(n+1) (n+2)(n+1)

1

— >0, .
(n+2)(n+1) >0, Ap41 > Gn

The above would be decreasing if it was less than 0.
Alternatively, we can show the ratio:

Unt1 % ~n+1 n+1 nP4+2n+1

an, nL_H_n+2. n  n242n

1,.'. Apy1 > Ap

This would be decreasing if it was less than 1.
And the final method is to use a function:
Let f(z) = ;37 Then:

, o (z+D1) —2(1)  z+1-2 1
f(x) = @+ 1) REPESIE —<x+1>2>O,Vx21

Therefore, the sequence is increasing for n > 1.
Definition for bounded:
1. {an} is bounded above if IM 3 a,, < M,V n.
2. {a,} is bounded below if Im > a, > m,Vn.

3. {a,} is a bounded sequence if it is bounded both above and below: m < a, < M,Vn

So, for example, {HLH} = %, %, %, . } is bounded because 0 < 25 < 1,Vn > 1. The greatest

lower bound, however, is % This sequence is both montonic and bounded.
Is the sequence:

1. increasing, decreasing, or not monotonic?

2. bounded?

Sequences:

1. a, = %; Opt1 = SH% = % X 51n < an, therefore is decreasing. And 0 < a, < %, hence
bounded.



. a4y = CO8 (%) cycles between 0, -1, and 1, hence is not monotonic. This is bounded: —1 <
a, < 1.

.ap =n+ % = {2, 2%7 3%, 4%, . } For this, it is easiest to use a function to prove that this is
increasing (monotonic): f(z) =x++ = f'(z) = 1—-5 > 0,Vz > 1, therefore is increasing. It
is bounded below at 2, but not bounded above, hence is overall not bounded, since a,, — oco.
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Adding terms of sequence is called an infinitie series, or more generally, a series. Denoted by:

0
E a, Or E an,
n=1

If we have a sequence of partial sums:
S1 = aq
So = a1+ a

83 = aj +ag + as
n

Sp =01+ a2 +az+ -+ ap = E a;
i=1

The nth partial sum of a sequence is denoted as {s,}. If {s,} converges, and lim,,_,~ s, = s,
then > a,, converges:
oo
> =5
n=1

s is the sum of the series. If the sequence of sums diverges, then the series of the sequence {a,}
also diverges.
One series that diverges is

o0
dl=l4l414--+1
n=1
. The sequence of series would be divergent: s, =Y -, 1=n — oc.

Geometric series is a series: a+ar+ar®+ar®+--- =3 ar"'. a cannot be 0. If there was
only a for the series, it would go to the infinities(such as ) depending on wehther a or bdefeated
you by better than you as yousual.

Sp=a+ar+ar®+---+ar"?

n=a+ar+a’+--+a" '+a
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Last time we did integral test. If we have a function f(x) is positive, continuous, and decreasing
n [1,00). If a,, = f(n), then

z an converges <= / f(z) dx converges

n=1
Example:
oo
>
2
ont+ 4

Since the function f(z) = I%H is positive, continuous, and decreasing on [1,00), the Integral

Test applies.
t

o° 1 . 1

| =i e
1 /Nt 1 L[t (1
tk%[tan (5)}1 gt%[tan @‘m @}
1 |m tan—1 1
22 "™ 3

Since the limit of the integral is finite, the series converges by the Integral Test.

Comparison Test

This is commonly applied in presence of series similar to a geometric series of a p-series. Take the

example ZZO 1 5noT +1 When n is large, it is similar to 2,” and since the latter converges, we can

use Direct Comparison Test:

2" +1> 2"
1 1
— N
2n+1<2nVn€
1 > — 1
0 —.Vn>1 =0 —



For other functions like

n
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Chapter 11.7 is just a summary. We should read it by next time. We will do 11.5 and first half
of 11.6.
Sub of converging alternating series lies between any two consequitive partial sums s, and s,,41.

R,=5—-5,< b7z+1 (1)

For qusetions about the terms n we need, we can
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Exam will be here. Since exam 1. So units 7.7-8, 8.1-8.2, 11.1-7. Bring ID. No

notes/book/calculators allowed. Zainab will hold informal review session at 4 to 4:50. No dis-
cussion.

Root Test

Given a series Xa,,, suppose

lim {/|a,| =1L
n—oo

This would result in:

1. If L < 1, then absolutely convergent

2. If L > 1, then divergent

3. If L =1, then inconclusive.

This works because when it approaches infinity:

Vlan| =~ Llay,| =~ L"

So the sequence Y|a,| is similar to geometric series with r = L.

Example:
> U = (<)
1

n=1 n=

In the exam, mention which test you are using! Root test cannot beused on ratio test or ‘n!’.



Power Series

Power series converges where domain is set of all x for which series converges. There is no such
power series that diverges. If z € (s1,1), it converges to the function ﬁ They converge at a
always, but sometimes also at other points.

Three possibilities of convergence for power series:

1. Convergence for x = a, hence R = 0.
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Today’s topic is on representing functions as power series. We know:

1 2 3 = n
mzl—&—x—i—m +x +-~-:Zw ,lxl <1

n=0

We can use this to express similar functions. For example:

f@) = e = Lx) =3 (e = S vl el <

We know that the integral of convergence is definitely (—1,1), but we normally have to test
endpoints. For this, we don’t because ™ never approaches 0.
Another example:

3 1 ., 4 ., 4
f(x):17x4:3><17x4:37;)(x )”:7;)336”

This would converge for |z#| < 1 = |z| < 1.
We can just treat other variables separately:

T 1 oo o0
= =xT- — 4" = —1)4™ n+1
)= T = T =T = e
Another example:
z2 x2 1 R AN DL o
== e o) L

The radius of convergence would be 3.
If we have a power series that is

Z en(z—a)”

and it has a radius of convergence of R > 0, then



f(x):CO+CI($_G)+02(I‘—G)2—|—---:ch(x_a)"
n=0

This would be differentiable for (a — R, a + R)
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Taylor and Maclaurin series Theorem:

f(.’L') = ch(x_a)nv |{,E—CL| <R
n=0
then its coeficients are:
(n)
1@
n!

So, we get:

Which would equal to:

= @)+ F@e—a)+ L0 @ a2 Dy

This is called a ‘Taylor series of f at a’ (or centered at a).

The first term must be f(a) so that we get the constant height when all x is at a, so that all
other terms become 0.

Maclaurin series is a special case where a = 0:

o (") 1 77
f@)=3% fT,m)x" = f(0) + f(0)x + f2('0)x2 4 350):63 ...
n=0 ' . .

Today we are going to focus on finding the Taylor/Maclaurin series of many functions.
The Taylor series to some n gives us an approximation. For example, T5 approximates the

function and has f(a) and f’(a), which would be a linear approximation. This can be seen in unit
11.11.

Some important Maclaurin series:

1.

1 (oo}
- = n—1 2 S4..Y -1,1
f(x) — E x +r+zt 42+ x e (-1,1)

n=0



2. f(x) = tan~!x can have its Maclaurin series derived by the fact what inverse tangent is:

1
1 _
7] = 1+ 22

., 1
= tan Tr = W
1 _ = 2\n
=t [ N

C_l)nx2n+l

/;(—1)"1‘2" de =C+ 7;) o1

This is true for | — 22| < 1, which means it has a radius of R = 1. If we plug in the end points
to see the integral of convergence. First, to find C:

. [tan™

tan_10:C+ZO
n=0

C=tan"'0=0

_ . =D e G VLA
r=-1 Z Gy = Z Gy which converges
_1)n
=1 :Z 2( _2 1 which converges
n
Therefore:
B oo (71)nx2n+1 xS $5 $7 (71)nx2n+1
t 1= S e T TR N Sl
an ) e kA L T SR e

n=0

3. f(x) = €® is easier because no matter how many derivatives we have, we end up having the
same derivative. For example: f(0) = f/(0) = f”(0) = --- = f(™(0) = 1, Vn > 0 Therefore:

R O ()

n=0

To find the radius and interva of convergence, we can use the root test:

n+1

T n!

ol el
(n+ 1) zn

:n+1

An 41
Qn

—0<1VzeR

Note that this series goes to e very quickly.

4. sin and cos works in a similar way. To find the Maclaurin series for the former:

Firstly, we know that the derivative of sin repeats at 0: f(x) = 0, f'(z) = 1, f"(0) =
0, f"(0) = —1,...



Now, if we write these out:
1 0 4

.0 15 0, 145 04 1,
smx—a—kﬁx—i—am—ax —I—Ix —i-ﬁm —|—aa: —ﬁx + ...

Which can be rewritten as:

3 5 7 o n—1,.2n+1
) s ® (-1 'tz
A T T *;) @n 1)

We can use the ratio test to figure out the radius and interval of convergence, which would
be R =00 and I : (—00, 00).

Notice how similar it is to tan~'. Both this and sinz are known as odd functions. cos, on
the contrary, is similar but an evan function.

. Now, for f(z) = cosz. First, we can do the same thing as sin to find its derivatives: f(0) =

1, f/(0) =0, f(0) = —1, f”(0) =0, ...

Therefore:
10 1, 0. 1y, o (g
cosa:—&%—ﬂx—ga: +§x +@m +---—nE:0W,VxE(—oo,oo)

Note that the angles are to be in radians, not degrees.
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Quick recap:

f"(a) f"(a)

> 4(n) (g
1) =S W = fa)+ @ —a) 4 D e e D ey

n! 2! 3!

n=0

And a few important MacLaurin series:

1 > (
:Zz":1+z+x2+x‘3+~~9x€(—1,1)
1—= —
B e (_1)nx2n+l 1.3 1.5 £E7
tan o= 20— T 4% T istssrel-1,1
anxnz:%2n+1 x 3+5 7+osx[ ]
) ooxn 2 1‘3
e“zzﬁ=1+x+§+§+--~9xe(—oo,oo)
n=0
) x _1)n,x2n+1 1'3 .1'5 .2?7
00
- (_1)nx2n _ 1,2 JC4 CCG
CObl‘—Zw— _§+1_a+"'9$6(—00,00)

There is also the binomial series, which is in the format (1 4+ 2)* > k € R that will be touched on

later today.

f(0)=1
F(0) = k(1 +z)! =k
F7(0) = k(k — 1)(1 + z)F2 =k(k—1)
F00) = k(k —1)(k —2)(1 + )3 =k(k—1)(k—2)



Therefore, if k is any real number, the equation is:

(1+m)kik(k—l)..ﬁ!(k—n—i—l)xni(i)xnaRl,keR

n=0 n=0
As an example:

fla)=VT+22 = (1+22)5
(1+2z)3 i (i) 2" "

n=0

:1+§$+Z n!3n

(=)™ 12 x5 x 8% -+ x (3n —4)2"
X

(=3 (-3 (=
4!
ﬂaR:%
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Today we will finish section 11.11, and then talk about section 10.5.

On the interval of convergence of the Taylor series, T, (x) is the degree of n polynomial that
best approximates f(x). The closer z is to a, the better the approximation.

(HOR SEALIPEY (1)
i=0
Note that the following happens to be linear approximation:
f(@) = Ti(z) = f(a) + f'(a)(z — a) (2)

Taylor’s Inequality
In general, for any n, we have:
f(@) = To(x) + Rn(x)
where R, (z) is the remainder of the Taylor series, that is, the terms of degree n + 1.
The error would be the absolute value of the remainder. We will use the Taylor polynomial

for the approximation of the function. We will go to the next degree, and find its max within an
interval:

|fn+1(:17)|§MV|IE*a|Sd = |R,(z)| < |x7a|n+1v|x*a|§d (3)

(n+1)!
For example: given:
1
flz)= ?; n=2,a=1;x€[0.9,1.1]

To approximate f by a Taylor polynomial of degree n centered at a:

1) = £() + O - 1)+ L @ 1y
(1)="2 =2
”(1)—%_6

To(x) =1—2(x — 1)+ 3(z — 1)?



Next, to find the accuracy of the estimation in the given interval:

24
[ (x) = R x €[0.9,1.1]
24 24
1
= — < —
‘f (x)| ‘$|5 - 0.95
24 3
24 x 0.1
<02 P <o
|Ba(2)] < gl =1 =096 x 3!

Since the bottom has a factorial, when n — oo, the remainder |R,,(z)| — 0. Another example:

2
f(x)=cosz;;n=4a= Tore [071]
3 3
First, to find the Taylor approximation Ty (x):
s 1
1(3)=3
3
7 (5)= e -
b (T _ __1
! (3) o T3
m (TN _ _ﬁ
/ (3) - eme 2
1
f(4) (g) = COST = 5

Therefore:

-3 R H e B g D)

To find the remainder:

Conic Sections

10.5 is on conic sections. 10.1 and .2 are parametric equations, and its mathematical functions.
10.3 and 10.4 are polar equations.

Definition of a Parabola: The set of all points in the plane that are the same distance from a
fixed point F (the focus), and a fixed line (the directrix). The vertex of the parabola is the point
right between thefocus and the vertex.

If the vertex is the origin and the axis is the y-axis, then the equation of the parabola with focus
at (0,p) and directrix y = —p:

x? = dpy (4)



This parabola opens up and down because z is squared, and it will open up if p > 0, and down if
p < 0. The focal diameter is the length passing through the focus and parallel to the directrix, and
is equal to 4p.

If we shift it so that the vertex is at (h, k), then the equation changes. In that case, the focus
will be at (h, k + p), and the directrix is y = k — p, with new equation:

(z —h)* =4p(y — k) (5)

If the vertex is the origin and the axis is the x-axis instead, then the equation with the parabola
with focus (p,0) and directrix © = —p, it would be:

y2 = 4px

The curve will open right if p > 0 and left if p < 0 (look at where the less than/greater than symbol
is pointing). The vertex here would be:

(y — k)* = 4p(x — h) (6)

And the focus will be (h + p, k), and directrix would be x =h —p
Example: Finding the vertex, focus, and the directrix of the parabola, and sketching its graph.

(x+2)* =8(y - 3)

vertex = (—2, 3)
focus = (—2,5)
directrix y = 1
width = |4 x p| =8

For the sketch, view figure 2.
Another example: Finding the equation of parabola with focus at (—4,0) and directrix at = = 2.

vertex = (2 —4)/2 =-1
p=—4—(-1) — 3
oyt =4(=3)(z +1)
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Today we will first finish ellipses and hyperbolas. In the end, talk about parametric.

Ellipses

An ellipse is a set of all points in the plane for which the sum of the distances from the two fixed
points (the ‘foci’) is equal.

For any ellipse, there are 2 positive constants: @ > b > 0. For an ellipse centered at the origin,
the equation is:

2 2
with the foci located at:
(+¢,0) > 2 =a®> - b? (2)

and the vertices are located at (+a,0). The segment joining (+a,0) is the major axis, and the
shorter segment connecting (0, +b) is the minor axis.
Notice that the curve is centered at the origin. If we wanted to center it at the point (h, k),

then the equation will be:
(=02 w=h? _

ag b2 =1 (3)
and foci at (h £ ¢, k), and vertices at (h + a, k).
For a vertical eclipse, the equation would therefore be:
—h 2 —k 2
@=h” W=k o shs0 (4)

b2 a?

and the foci will be at (0, +c > ¢ = a® — b?) and vertices at (0, +a).
For solving equations into the format of these equations, completing the square is the ideal
method. For example:
922 — 18z + 4y = 27
9(z? — 2z) + 4y* = 27
9(x—1)% +4y*> =27+9
(z—-1?2 ¥

7 1
4 +9



This ellipse is centered at (1,0), a =3, b =2, ¢> =a?> —b> =9 —4 = 5 = ¢ =/5, and therefore,
vertices are at (1,3) and (1, -3), and the foci are at (1,v/5), (1, —v/5).

Hyperbolas

A hyperbola is the set of all points in the plane for which the difference of the distances from two
fixed points (the ‘foci’) is constant. The general equation, when centered at origin, is:

x2 y2
2wt )

With no limitation on the values for a and b. These have the foci at
(£c,0) > =a® +b* (6)

And vertices at +a,0 and asymptotes at y = :I:gx.
When the center is changed, the equation becomes:

(x—h)? (y—k)?

po T R 1> foci = (h £ ¢, k), vertices = (h £ a, k) (7)
For a vertical hyperbola:
— k)2 —h)?
€ = y_ @ e ) =13 foci = (h,k £ ¢), vertices = (h,k + a) (8)
The asymptote will be located at:
y—k=t3(@—h) (9)

Parametric Curves

Defining x and y in terms of a third variable ¢ — called a parameter — is called a parametric curve:

z=f(t),y=g(t) (10)

t can have no limits, or can have limits. If it is the latter, where a < t < b, then the points
(f(a),g(a)) is the initial point, and (f(b), g(b)) is the terminal point of the curve C.
The parameter, ¢, can be removed in certain cases to produce a simpler Cartesian equation.
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Polar coordinates are a system of coordinate system represented by (r, 8) where r is the distance
from the origin, and @ is the angle starting off with the polar axis (Cartesian equivalent: positive
x-axis). The origin is called the pole. r can be both positive and negative. This system is useful
for certain equations. There’s always infinitely infinite representation of point P, since the radius
can be negative, and 6 can change.

Polar coordinates can be converted to cartesian by using:

x=rcosf; y=rsind (1)
Cartesian coordinates to polar by:
2 _ 2 2, _ Yy
r*=1z"+y°; tanf = (2)
x

Polar curves are represented as:
r= f(0) (3)

Polar coordinates can have multiple representations. The equation F'(r,) = 0 should have all
points that have at least one representation (r,6.)

Exercise: To convert = v/5 into a Cartesian equation, we know that 2 = 5, therefore 22 +y% =
5.

To convert r = 2 cos 6 to Cartesian, we do this:

r? = 2rcosf
22 +y? =2z
=22 20 +y* =0
=22 -2 +1+9%=1
=12+t =1
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We can plot a polar curve with a Cartesian-like graph, with r as the y-axis, and 6 as the z-axis.
General equation for flower like graphs:

r = asin(kd) (1)
r = acos(kf) (2)

where a is any constant (controlling how big the graph is) and k is a positive integer:
1. k leaves if k is odd.

2. 2k leaves if k is even.



